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Abstract

This paperpresentsa simple multimemberedevolution strategy (SMES) to

solve globalnonlinearoptimizationproblems.Theapproachdoesnot requirethe

useof a penaltyfunction. Instead,it usesa simplediversitymechanismbasedon

allowing infeasiblesolutionsto remainin thepopulation.This techniquehelpsthe

algorithmto find theglobaloptimumdespitereachingreasonablyfastthefeasible

region of thesearchspace.A simplefeasibility-basedcomparisonmechanismis

usedto guidethe processtowardsthe feasibleregion of the searchspace.Also,

the initial stepsizeof theevolution strategy is reducedin orderto performa finer

searchanda combined(discrete/intermediate)panmicticrecombinationtechnique

improvesits exploitationcapabilities.Theapproachwastestedwith awell-known

benchmark.The resultsobtainedarevery competitive whencomparingthe pro-

posedapproachagainstotherstate-of-theart techniquesandits computationalcost

(measuredby the numberof fitnessfunction evaluations)is lower than the cost

requiredby theothertechniquescompared.
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1 Intr oduction

Evolutionaryalgorithms(EAs) have beenwidely usedto solve several typesof opti-

mizationproblems[11, 1, 8, 10]. Nevertheless,they areunconstrainedsearchtech-

niquesandlackanexplicit mechanismto biasthesearchin constrainedsearchspaces.

This hasmotivatedthedevelopmentof a considerablenumberof approachesto incor-

porateconstraintsinto thefitnessfunctionof anEA [25, 6].

Themostcommonapproachadoptedto dealwith constrainedsearchspacesis the

useof penaltyfunctions[28]. Whenusingapenaltyfunction,theamountof constraint

violationis usedto punishor “penalize”aninfeasiblesolutionsothatfeasiblesolutions

arefavoredby theselectionprocess.Despitethepopularityof penaltyfunctions,they

have several drawbacksfrom which the main one is that they requirea careful fine

tuningof thepenaltyfactorsthataccuratelyestimatesthedegreeof penalizationto be

appliedsothatwecanapproachefficiently thefeasibleregion [32, 6].

Evolution Strategies(ES)have beenfoundnot only efficient in solvinga wide va-

riety of optimizationproblems[31, 12, 4, 2, 1], but alsohaveastrongtheoreticalback-

ground[30, 3, 5].

Ourapproachusestheself-adaptivemutationmechanismof amultimemberedevo-

lution strategy to exploreconstrainedsearchspaces.This is combinedwith acompari-

sonmechanismwhichusesthreefeasibility-basedrulesto guidethesearchtowardsthe

global optimaof constrainedoptimizationproblems.To avoid a high selectionpres-

sureandmaintaininfeasiblesolutionsin thepopulation,a simplediversitymechanism

is added.Theideais to allow theindividualwith thelowestamountof constraintviola-

tion andthebestvalueof theobjective functionto beselectedfor thenext population.

This solutioncanbe chosenwith
�����

probability eitherfrom the parentsor the off-

springpopulation.A hybrid panmicticrecombinationoperatorthatcombinesdiscrete

andintermediaterecombinationis usedto improve theexploitationmechanismof our

algorithm.

With thesecombinedelements,thealgorithmfirst focuseson reachingthefeasible

region of thesearchspace.After that, it is capableof moving over thefeasibleregion

asto reachtheglobaloptimum.Theinfeasiblesolutionsthatremainin thepopulation
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are usedto samplepoints in the boundariesbetweenthe feasibleand the infeasible

regions.Thus,themainfocusof thispaperis to show how amultimemberedevolution

strategy coupledwith verysimplemechanismsis ableto produceresultsthatarehighly

competitivewith respectto otherconstraint-handlingapproachesthatarerepresentative

of thestate-of-the-artin evolutionaryoptimization.

This paperis organizedas follows: In Section2 we definethe global nonlinear

optimizationproblemthat we aim to solve. After that, in Section3 a descriptionof

previousapproachesbasedon similar ideasis provided. Section4 presentsa detailed

descriptionof our approach.Then,in Section5, we presentthe experimentaldesign

andshow theobtainedresultswhich arediscussedin Section6. Section7 providesan

experimentalstudythataimsto identify themechanismthat is mainly responsiblefor

the effectivenessof our proposedapproach.The rateat which our approachreaches

thefeasibleregion(in thetestfunctionsadopted)is analyzedin Section8. In Section9

someconclusionsareestablished.Finally, somepossiblepathsfor futureresearchare

providedin Section10.

2 Statementof the Problem

We areinterestedin thegeneralnonlinearprogrammingproblemin whichwewantto:

Find �� which optimizes�	�
���� (1)

subjectto:

�� �������� �����	�����
���������
(2)� � �
��!� �"�#�%$&�'�(�����
�)�+*
(3)

where �� is thevectorof solutions �� �-, �/. � �10 ���
���)� �12�354 ,
�

is thenumberof inequality

constraintsand
*

is thenumberof equalityconstraints(in bothcases,constraintscould

belinearor nonlinear).

If we denotewith 6 to the feasibleregion andwith 7 to the wholesearchspace,

thenit shouldbeclearthat 698:7 .
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For aninequalityconstraintthatsatisfies � �
��!� �;�
, thenwe will saythat is active

at �� . All equality constraints
�<�

(regardlessof the value of �� used)are considered

activeat all pointsof 6 .

3 Previous Work

Theinspirationof ourapproachwasmotivatedby theideaof exploringthecapabilities

of multiobjective optimizationconceptsto solve global optimizationproblems. We

comparedfour representativeapproachesusingthesametestfunctionsadoptedin this

paper[21, 18]. Oneof theconclusionsof thiswork wastheimportanceof amechanism

to maintaindiversity in the population(i.e., to allow feasibleandinfeasiblesolutions

to remainin thepopulationduringall theevolutionaryprocess)[23].

Motivatedby the fact that the most recentand competitive approachesto solve

constrainedoptimizationproblemsarebasedon anEvolutionStrategy (e.g.Stochastic

Ranking[29] andASCHEA[13]) we hypothesizedthefollowing:

1. Theself-adaptationmechanismof anEShelpsto samplethesearchspacewell

enoughasto reachthefeasibleregion reasonablyfast.

2. Thesimpleadditionof feasibility rulesto anESshouldbeenoughto guidethe

searchin sucha way thattheglobaloptimumcanbeapproachedefficiently.

Thus,basedon theseideas,we implementeda genericES-basedapproachto solve

constrainedoptimizationproblems.Then,we performedanempiricalstudyin which

we varied the type of selection(“+” or “,”) andthe type of mutation(noncorrelated

or correlated)[19]. We also implementeda variationof a �+=?> � � -ES with the “1/5

successfulrule” to adapton-linethesigmavalue[19]. Constraintswerehandledusing

rulesbasedon feasibility (seeSection4 for details).

Theuseof rulesbasedon feasibilityhasbeenexploredin thepastby otherauthors.

JiménezandVerdegay [15] proposedan approachsimilar to a min-maxformulation

usedin multiobjective optimizationcombinedwith tournamentselection. The rules

usedby themaresimilar to thoseadoptedin this work. However, JiménezandVerde-
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gay’s approachlacksan explicit mechanismto avoid the prematureconvergencepro-

ducedby therandomsamplingof thefeasibleregionbecausetheir approachis guided

by thefirst feasiblesolutionfound.

Powell andSkolnick [26] proposedto mapfeasiblesolutionsinto theinterval ( @BA ,

1), and infeasiblesolutionsinto the interval (1, A ). The aim is to considerfeasible

solutionsalwayssuperiorto infeasibleones.

Individualsareevaluatedusing[26]:

fit �
��!� � CD E �	�
���� if feasible� >GFIHKJML�ONP. �� ����/� >:JRQ� NP. � � �
��!�TS otherwise
(4)

�	�
��!� is scaledinto theinterval ( @BA ,1), �� �
��!� and
� � ����/� arescaledinto theinterval

(1, A ), and F is a constant.Powell andSkolnick [26] usedlinearrankingselectionin

orderto geta slowerconvergence.

Deb [9] proposedthe selectioncriteria adoptedin our work as tournamentrules

to selectindividualsusinga GA. In his approach,the following expressionis usedto

assignfitnessto a solution:

fit � ����/� � CD E � � �
��!� if feasible�KUWV 2YX[Z >RJ L� NP.  � �
���� otherwise
(5)

where �KUWV 2\X]Z is theobjective functionvalueof theworst feasiblesolution. However,

Deb proposedto useniching asa diversity mechanism,which introducessomeextra

computationaltime (nichesarean ^%�+_ 0 � procedure).As in Powell andSkolnick’s

algorithm[26], in Deb’sapproach,feasiblesolutionsarealwaysconsideredbetterthan

infeasibleones.Thiscontradictstheideaof allowing infeasibleindividualsto remainin

thepopulation.Therefore,thisapproachwill havedifficultiesin problemsin which the

globaloptimumlieson theboundarybetweenthefeasibleandtheinfeasibleregions.

Coello & Mezura[7] usedtournamentselectionbasedon feasibility rules(this is

oneof four differentmultiobjective-basedtechniquescompared).They alsoadopted

nondominancecheckingusinga sampleof the population(as the multiobjective op-

timization approachcalledNPGA [14]). In this approach,a user-definedparameter` 2 is usedto control thediversity in thepopulation.This approachprovidedgoodre-
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sultsin somewell-known engineeringproblemsandin somebenchmarkproblems,but

presentedproblemswhenfacinghigh dimensionality[7].

FromourES’scomparativestudy, thebestresultswereprovidedby thevariationof

a �a=b> � � -ES[19] in which onechild createdfrom = mutationsof thecurrentsolution

competesagainstit and the betterone is selectedas the new currentsolution. The

detailsof this approachareshown in Figure1.

However, the approachpresentedprematureconvergencein sometest functions

[19]. A � � >Rc � -ESwasproposedin [20], which improvedtherobustnessandquality

of thepreviousESproposedby thesameauthors.In this case,a self-adaptive param-

etercalledSelectionRatio(
` 2 ) (similar to thatproposedby Coello& Mezura[7] and

mentionedabove) is adopted.
` 2 refersto the percentageof selectionsthat will be

performedin a deterministicway (asusedin theoriginal versionof our ESwherethe

child replacesthecurrentsolutionusingthefeasibility-basedcomparisonmechanism).

In the remaining
� @ ` 2 selections,therearetwo choices:(1) either the parent(out

of the c ) with thebestvalueof theobjective functionwill replacethecurrentsolution

(regardlessof its feasibility) or (2) the bestparent(usingagainthe feasibility-based

comparisonmechanism)will replacethecurrentsolution.Both optionsaregiven
�����

probabilityeach.

The � � >�c � -ESapproachproposedin [20] madeevidentthathaving agoodmecha-

nismto maintaindiversityis oneof thekeysto produceaconstraint-handlingapproach

thatis competitivewith thetechniquesrepresentativeof thestate-of-the-artin thearea.

However, thesetwo approaches,basedonanon-populationESlacktheexplorative

power to allow them samplelarge searchspaces. Thus, we decidedto re-evaluate

theuseof a �a=d>ec � -ES to solve this limitation, but in this case,addingthe diversity

mechanismimplementedin our previousapproaches.

4 Our approach

Our new approachis basedon the sameconceptsthat its predecessorsdiscussedin

Section3: (1) theself-adaptationmechanismof anESand(2)acomparisonmechanism

basedon thefollowing criteria:
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1. Between2 feasiblesolutions,theonewith thehighestfitnessvaluewins.

2. If onesolutionis feasibleandthe otheroneis infeasible,the feasiblesolution

wins.

3. If bothsolutionsareinfeasible,theonewith thelowestsumof constraintviola-

tion is preferred.

Also, it hasasimplediversitymechanismsimilar to thatusedin the � � >fc � -ESand

acombinationof discreteandintermediatepanmicticrecombination.

Thedetailedfeaturesof our algorithmarethefollowing:g Diversity Mechanism: With anideasimilar to thatusedin the � � >hc � -ESver-

sion,we allow infeasiblesolutionsto remainin thepopulation.However, unlike

this previousapproach,wherethebestparentbasedonly on theobjective func-

tion (regardlessof its feasibility) cansurvive, in this new approachwe allow the

infeasibleindividual with the bestvalueof the objective function andwith the

lowestamountof constraintviolation to survive for the next generation.This

solution (called by us the best infeasiblesolution) can be choseneither from

the parentsor the offspring population,with
�����

probability. This processof

allowing this solutionto survive for the next generationhappensi timesevery�����
duringthesamegeneration.However, it is adesiredbehavior becausea few

copiesof this solutionwill allow its recombinationwith severalsolutionsin the

population,speciallywith feasibleones. Recombiningfeasiblesolutionswith

infeasiblesolutionsin promisingareas(basedon thegoodvalueof theobjective

function) andcloseto the boundaryof the feasibleregion will allow the ES to

reachglobaloptimumsolutionslocatedpreciselyontheboundaryof thefeasible

region of the searchspace(which areknown asthe mostdifficult solutionsto

bereached).Following the ideaof allowing just a few infeasiblesolutions(one

in caseof the � � >jc � -ES approach),we allow the bestinfeasiblesolution to

becopiedinto thepopulationfor thenext generationjust 3 timesfor every 100

attempts.This worksin thefollowing way: Whenthedeterministicreplacement

is usedto form the populationfor the next generationin an ES, the bestindi-
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vidualsfrom amongtheparentsandoffspringareselectedusingthecomparison

mechanismpreviously indicated(in a deterministicway). Theprocesswill pick

feasiblesolutionswith a bettervalueof theobjective functionfirst, followedby

infeasiblesolutionswith a lowervalueof constraintviolation. However, 3 times

from every 100picks,thebestinfeasiblesolution(from eithertheparentsor the

offspringpopulationwith
�����

probabilityeach)is copiedin thepopulationfor

thenext generation.Thepseudocodeis listedin Figure2.

Basedon the empirical evidenceobserved in the previous versionof the ap-

proach[20] wherewe useda populationof i offspring, we decidedto usea

smallnumberof copiesof thebestinfeasiblesolutionsfor thenext generationof

ourapproach.For valueslargerthan i thequalityandrobustnessof ourapproach

tendto decrease.g Combined recombination: We usepanmicticrecombination,but with a com-

binationof thediscreteandintermediaterecombinationoperators.Eachgenein

the chromosomecanbe processedwith any of thesetwo recombinationopera-

torswith
�����

probability. This operatoris appliedto both,strategy parameters

(sigmavalues)anddecisionvariablesof theproblem.Thepseudocodeis shown

in Figure3. Notethatwe useintermediaterecombinationby just computingthe

averagebetweenthevaluesof thevariableof eachparent(asoriginally proposed

by Schwefel[30]).g Reduction of the initial stepsizeof the ES: Thepreviousversionsof our algo-

rithm arebasedonavariationof a �a=k> � � -ES[19] anda � � >lc � -ES[20]. Thus,

they do not usea populationof solutionsbut employ the mostsimplescheme

of anESwhereonly onesigmavalueis usedfor all thedecisionvariables.We

observedthatwhenthis sigmavaluewascloseto zero,thepreviousapproaches

werecapableof reachingtheglobaloptimum,or at leastimprovethevalueof the

final solution. Therefore,in our new approachbasedon a multimemberedES,

wedecidedto favor finermovementsin thesearchspace.We experimentedwith

just a percentageof thequantityobtainedby theformulaproposedby Schwefel

[30]. We initialize thesigmavalues(we useonefor eachdecisionvariable)for
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eachindividual in the initial populationwith only a m �<� of the valueobtained

by thefollowing formula(where
�

is thenumberof decisionvariables):

n � � � � �M��� m%o;prq � �s �bt (6)

where q ��� is approximatedwith the expression(suggestedin [29]), q �1�?u��v� @ �#w� , where�1v� @ �1w� aretheupperandlowerboundsof thedecisionvariable�
.

Summarizing,our approachworks over a simplemultimemberedevolution strat-

egy: �a=x>jc � -ES. The only modificationsintroducedare the reductionof the initial

stepsizeof thesigmavalues,thepanmicticcombined(discrete-intermediate)recombi-

nationandthe changesto the original deterministicreplacementof the ES (madeby

sortingthe solutionsusingthe comparisonmechanismbasedon feasibility discussed

at thebeginningof this section),allowing thebestinfeasiblesolution,from eitherthe

parentsor theoffspringpopulation,to remainin thenext generation.Thedetailsof our

approacharepresentedin Figure4.

Unlike Deb’s [9] technique,our approachdoesnot usenichesin orderto maintain

diversity in the population. This is becauseinside the replacementprocessusedto

producethepopulationfor thenext generation,weincorporateamechanismthatallows

slightly infeasiblesolutionswith agoodobjectivefunctionvaluetobeconsideredbetter

thanfeasibleones.This ES-like replacementmakesalsoa differencewith respectto

Powell andSkolnick’s approach[26], which usesproportionalselection(with linear

ranking)on aGA-basedapproach.

5 Experimentsand Results

To evaluatetheperformanceof theproposedapproachweusedthe13testfunctionsde-

scribedin [29]. Thetestfunctionschosencontaincharacteristicsthatarerepresentative

of whatcanbeconsidered“dif ficult” globaloptimizationproblemsfor anevolutionary

algorithm.Their expressionsareprovidedin anAppendix,at theendof thepaper.
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To get an estimateof how difficult is to generatefeasiblepointsthrougha purely

randomprocess,we computedthe y metric(assuggestedby Michalewicz andSchoe-

nauer[25]) usingthefollowing expression:

y ��z {|z }#z ` z
(7)

where
z ` z

is thenumberof randomsolutionsgenerated(
` �~���Y���(�����(���

in our case),

and
z {|z

is the numberof feasiblesolutionsfound (out of the total
z ` z

solutionsran-

domly generated).

Thevaluesof y for eachof thefunctionschosenareshown in Table1, where
�

is the

numberof decisionvariables,LI is thenumberof linearinequalities,NI thenumberof

nonlinearinequalities,LE is thenumberof linearequalitiesandNE is thenumberof

nonlinearequalities.

Weperformedi � independentrunsfor eachtestfunction.Thelearningratesvalues

werecalculatedusingtheformulasproposedby Schwefel[30] (where
�

is thenumber

of decisionvariablesof theproblem):� � pP� � s � tI� . ��� � H s � � S � . (8)

Theinitial valuesfor thestandarddeviationswerecalculatedusingequation(6).

For theexperimentsweusedthefollowing parameters:g = ���
���
.g c � i ��� .g Numberof generations= � ��� .g Numberof objective functionevaluations= � m �#�����(� .

The combinedrecombinationoperatorexplainedin detail in Section4 wasused

both for the decisionvariablesof the problemandfor the strategy parameters(sigma

values).Notethatwe do not usecorrelatedmutation[22].

To deal with equality constraints,a dynamicmechanismoriginally proposedin

ASCHEA [13] andusedin [20] is adopted.The tolerancevalue � is decreasedwith

respectto thecurrentgenerationusingthefollowing expression:
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� � �a�W> � � � � � �+� � }<�(� �(�����(� (9)

Theinitial �Y� wassetto
�#� �(���

. Notethattheuseof thevalue
�(� �(���
���

in equation(9)

causesthe allowable tolerancefor the equality constraintsto go from
�#� �(���

(initial

value)to
�#� �(��� m (final value)giventhenumberof iterationsadoptedby our approach

(if moreiterationsareperformed,this valuewill tendto zero).

For problemg13, � � was set to a much larger value ( i � � ), becausein this case

it is very difficult to generatefeasiblesolutionsduring the initial generationsof our

approach. Thus, by using a large tolerancevalue, more individuals will be able to

satisfytheequalityconstraintsandwill serve asreferencesolutionsthat thealgorithm

will improve over time. Given that this largervalueis adopted,we alsochangedthe

constantdecreasingvalue.So,insteadof using
�(� �(�����(�

, weadopt,in thiscase,avalue

of
��� ��� m � . Sucha valuecausestheallowableequalityconstraintviolation to go from

3.0 (initial value)to
��� ���(��� i (final value)given the numberof iterationsadoptedby

ourapproach.Notethatthefinal allowabletoleranceis smallerin thiscase,despitethe

initial largervalue.As a matterof fact,werecommendto usethis secondsetupfor the

toleranceof theequalityconstraintsin problemsin which no feasiblesolutionscanbe

foundby ouralgorithmwhenusinga small initial � � .
Additionally, for problems � i and � i theinitial stepsizerequiredamoredramatic

decrease.They weredefinedas
�#� �#�

(just a
�(�

insteadof the40%usedfor theother

testfunctions)for  � i and
�#� ���

( � ���(� ) for g13. Thesetwo testfunctionsseemto pro-

vide betterresultswith very smoothmovements.It is importantto notethatthesetwo

problemssharethe following features:moderatelyhigh dimensionality(five or more

decisionvariables),nonlinearobjectivefunction,oneor moreequalityconstraints,and

moderatesizeof thesearchspace(basedontherangeof thedecisionvariables).These

commonfeaturessuggestthat for thesetypesof problems,finer movementsprovide a

bettersamplingof thesearchspaceusinganevolutionstrategy.

Thestatisticalresultsof ourSMESaresummarizedin Table2.

Wecompareourapproachagainstthreestate-of-the-artapproaches:theHomomor-

phousMaps(HM) [17], StochasticRanking(SR)[29] andtheAdaptiveSegregational
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ConstraintHandlingEvolutionaryAlgorithm (ASCHEA) [13]. The bestresultsob-

tainedby eachapproachareshown in Table3. Themeanvaluesprovidedarecompared

in Table4 andtheworstresultsarepresentedin Table5. Theresultsprovidedby these

approachesweretakenfrom theoriginal referencesfor eachmethod.

HM performsa homomorphousmappingbetweenan
�

-dimensionalcubeanda

feasiblesearchspace(eitherconvex or non-convex). The main ideaof this approach

is to transformthe original probleminto another(topologicallyequivalent) function

thatis easierto optimizeby anEA. HM handlestwo cases:convex feasiblespaceand

nonconvex feasiblespace.HM usesa binary-codedGA with Graycodes,proportional

selectionwithoutelitism andtraditionalcrossoverandmutationoperators.

Theaim of SRis to balancetheinfluenceof theobjective functionandthepenalty

functionwhenassigningfitnessto a solution. SR doesnot requirethe definitionof a

penaltyfactor. The selectionprocessis basedon a rankingprocess.Instead,a user-

definedparametercalled �	� setsthe probability of usingonly the objective function

to comparetwo solutionsto sort them. Then, when the solutionsare sortedusing

a bubble-sortlike algorithm,sometimes,dependingof the � � value,the comparison

betweentwo adjacentsolutionswill be performedusingonly the objective function.

The remainingcomparisonswill be performedusing only the penaltyfunction that

consists,in this case,of thesumof constraintviolation. SRusesa �+i ��� � ��� � -ESwith

global intermediaterecombinationappliedonly to the strategy parameters(not to the

decisionvariablesof theproblem).

ASCHEA is basedon threecomponents:(1) an adaptive penaltyfunction, (2) a

constraint-drivenrecombination,and(3) a segregationalselectionbasedon feasibility.

In ASCHEA’s most recentversion[13], the authorsproposeto usea penaltyfactor

for eachconstraintof the problem. Also, the authorsaddeda niching mechanismto

improvetheperformanceof thealgorithmin multimodalfunctions.Finally, theauthors

addeda dynamicandan adaptive schemeto decreasethe tolerancevalueusedin the

transformationof equalityconstraintsinto two inequalityconstraints.The approach

usesa � �
��� >�i �(� � -ESwith standardarithmeticalrecombination.
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6 Discussionof Results

As describedin Table2, ourapproachwasableto find theglobaloptimumin seventest

functions(g01,g03,g04,g06,g08,g11andg12)andit foundsolutionsvery closeto

theglobaloptimumin theremainingsix (g02,g05,g07,g09,g10,g13). In Table6 we

show the numberof runsin which the global optimum(or bestknown solution)was

reached.In addition,we show thelowestandtheaveragegenerationnumberin which

suchglobaloptimumwasfound.Theresultsobtainedsuggestthatfor theproblemsin

which theglobaloptimumwasreached,thealgorithmis capableof finding it usingno

morethan � ��� generations(about� �������(� evaluationsof theobjectivefunction),except

for functiong01wherethenumberof generationsis ��� � .
Whencomparedwith respectto thethreestate-of-the-arttechniquespreviously in-

dicated,we foundthefollowing (seeTables3, 4 and5):

6.1 Compared with the HomomorphousMaps (HM)

Our approachfounda better“best” solutionin tenproblems(g01,g02,g03,g04,g05,

g06, g07, g09, g10 andg12) anda similar “best” result in other two (g08 andg11).

Also, our techniquereachedbetter“mean” and“worst” resultsin ten problems(g01,

g03,g04,g05,g06,g07,g08,g09,g10andg12). A “similar” meanandworst result

was found in problemg11. The Homomorphousmapsfound a “better” meanand

worst result in function g02. No comparisonsweremadewith function g13 because

suchresultswerenot availablefor HM.

6.2 Compared with StochasticRanking (SR)

With respectto SR,ourapproachwasableto find abetter“best” resultin functionsg02

andg10. In addition,it founda “similar” bestsolutionin sevenproblems(g01,g03,

g04, g06, g08, g11 andg12). Slightly better“best” resultswerefound by SR in the

remainingfunctions(g05,g07,g09andg13). Our approachfoundbetter“mean” and

“worst” resultsin four testfunctions(g02,g06,g09andg10). It alsoprovidedsimilar

“mean”and“worst” resultsin six functions(g01,g03,g04,g08,g11andg12).Finally,
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SRfoundagainbetter“mean” and“worst” resultsin functiong05,g07andg13.

6.3 Compared with the Adaptive Segregational Constraint Han-

dling Evolutionary Algorithm (ASCHEA)

ComparedagainstASCHEA,ouralgorithmfound“better” bestsolutionsin threeprob-

lems(g02,g07andg10)andit found“similar” bestresultsin six functions(g01,g03,

g04,g06,g08,g11).ASCHEA foundslightly “better” bestresultsin functiong05and

g09. Additionally, our approachfound “better” meanresultsin four problems(g01,

g02,g03andg07)andit found“similar” meanresultsin threefunctions(g04,g08and

g11).ASCHEA surpassedour meanresultsin four functions(g05,g06,g09andg10).

We did not comparethe worst resultsbecausethey werenot availablefor ASCHEA.

Also, we did not performcomparisonswith respectto ASCHEA usingfunctionsg12

andg13for thesamereason.

As we cansee,our approachshoweda very competitiveperformancewith respect

to thesethreestate-of-the-artapproaches.

6.4 Advantagesof the Approach

Ourapproachcandealwith moderatelyconstrainedproblems(g04),highly constrained

problems,problemswith low (g06, g08), moderated(g09) andhigh (g01, g02, g03,

g07) dimensionality, with different typesof combinedconstraints(linear, nonlinear,

equalityandinequality)andwith very large (g02), very small (g05 andg13) or even

disjoint (g12) feasibleregions. Also, the algorithmis able to dealwith large search

spaces(basedon the intervals of the decisionvariables) with a very small feasible

region (g10). Furthermore,the approachcan find the global optimum in problems

wheresuchoptimumlies on theboundariesof thefeasibleregion (g01,g02,g04,g06,

g07,g09).Thisbehavior suggeststhatthemechanismof maintainingthebestinfeasible

solutionhelpsthesearchto sampletheboundariesbetweenthefeasibleandinfeasible

regions.

Regardingcomputationalcost,wecansaythatthenumberof fitnessfunctionevalu-

ations(FFE)performedby ourapproachis lowerthantheothertechniqueswith respect
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to which it wascompared.Our approachperformed� m �#���(��� FFE.Stochasticranking

performedi �������(��� FFE, the Homomorphousmapsperformed
��� m ���#�����(� FFE, and

ASCHEA required
���\���(�����(���

FFE.

7 Finding the Strength of the Approach

Oncewecorroboratedtheeffectivenessof ourapproach,it becameparticularlyrelevant

to identify thekey component(or combinationof them)thatwasmainlyresponsiblefor

thegoodperformanceof ouralgorithm.For thatsake,we designedtwo experiments.

The aim of the first experimentwasto to know which of the threemodifications

to the �a=�>:c � -ESwasmandatory, or if only thecombinedeffect of all threemadethe

algorithmwork.

The goal of the secondexperimentwasto reinforceour hypothesisregardingthe

effectivenessof theself-adaptationmechanismof anESto sampleconstrainedsearch

spaces.

Theexperimentsconsistedon thefollowing:g Cross-validation of our ES’ mechanisms: We testedour SMESusingeachof

its mechanismsseparatelyandcombiningthemin pairs, in order to recognize

which of themwasmandatory. It is importantto notethat removing the diver-

sity mechanismimpliesdisallowing thebestinfeasiblesolutionto remainin the

populationfor thenext generationof thealgorithm.Thecomparisonmechanism

(the threerulesbasedon feasibility) remainsin all casesin order to guide the

searchto thefeasibleregionof thesearchspace.g ESagainstGA: Oursecondexperimentconsistedonimplementingareal-coded

GA with the samecombinedrecombinationandthesamediversitymechanism

usedin our SMES.Here,we wantedto seeif theuseof a GA insteadof anES

would makeany significantdifferencein termsof performance.

We will discussnext theresultsobtainedin eachof thesetwo experiments.
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7.1 Cross-validation of our ES’ mechanisms

We testedsix differentversionsof ourSMES:g Only combinedrecombination.g Only diversitymechanism.g Only stepsizereduction.g Combinedrecombination& diversitymechanism.g Combinedrecombination& stepsizereduction.g Stepsizereduction& diversitymechanism.

Theparametersusedin thesesix versionsareexactly thesameusedin theexperi-

mentsdescribedin Section5. Thus,thenumberof evaluationsof theobjectivefunction

is alsothesame( � m �#�����(� ).
Thebestresultsobtainedfor thethreefirst versions(with only onefeature)arepre-

sentedin Table7. Meanresultsareshown in Table8 andworst resultsareshown in

Table9. Thebest,meanandworstresultsobtainedfor thelast threeversions(combi-

nationof two features)areshown in Tables10,11 and12.

Fromtheresultsshown in Tables7, 8 and9, it is clearthattheversionwith only the

combinedrecombinationprovidedthebetter“best” resultsaswell asthebest“mean”

and “worst” resultsfor most of the functions. The versionwith only the diversity

mechanismobtainedbetter“best”, “mean” and“worst” resultsonly for functiong03

andwasunableto reachthefeasibleregion in g13. Theversionwith only thestepsize

reductionobtainedbetter“best” resultsfor functionsg05andg10;andit alsoobtained

abetter“worst” resultfor functiong06.However, thisversionwasalsounableto reach

thefeasibleregion in g13.

With respectto thecomparisonamongversionswhich usetwo (out of three)com-

binedmechanisms,theresultsindicatethatthecombinationof therecombinationwith

the stepsizereductionprovided the bestand more robust results(seeTables10, 11

and12). This versionobtainedbetter“best” resultsfor problemsg02,g03,g07,g09,
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andg10.Also it foundsimilar “best” resultsfor problemsg01,g03,g06,g08,g11and

g12.Thecombinedrecombinationcoupledwith thestepsizereductionobtainedbetter

“mean”resultsfor problemsg02,g03,g05,g07,g09,g10,g11andg13;andit obtained

similar “mean” resultsfor problemsg01,g06,g08andg12. Finally, this versionpro-

videdbetter“worst” resultsfor problemsg02,g03,g05,g06,g07,g10,g11andg13,

andsimilar “worst” resultsfor problemsg01,g08andg12.

Basedon the resultsobtained,we decidedto comparethe resultsprovidedby the

two mostcompetitive versionsof our SMES(the versionwith only the combinedre-

combinationandtheversionwith thecombinedrecombinationcoupledwith thestep-

size reduction). The comparisonof resultsis shown in the last threecolumnsfrom

Tables3, 4, and5. Theresultsindicatedthat theversionwith both therecombination

andthestepsizereductionprovidedbetter“best” resultsin sevenproblems(g02,g03,

g05,g07,g09,g10andg13)andsimilar “best” resultsin otherfive(g01,g06,g08,g11

andg12). This versionwith two mechanismsreachedbetter“mean” resultsin three

problems(g03, g10 andg13), andsimilar “mean” resultsin six functions(g01, g06,

g08, g09, g11 andg12). Finally, this versionprovided better“worst” resultsin six

problems(g03, g05, g06, g10, g11 andg13), and it providedsimilar “worst” results

in threemore (g01, g08 andg12). All theseresultssuggestthat the stepsizereduc-

tion, whichprovidesfinermutationmovementsin thesearchspace,helpthecombined

recombinationto samplethefeasibleregionasto find competitiveresults.

The main questionthat aroseat this point was: what is the role of the diversity

mechanismin thesuccessof our approach?In orderto answerthis question,we com-

paredthe resultsof the versionwith combinedrecombinationandstepsizereduction

againstthe versionwith the threemechanisms.The resultscanbe seenin columns

9 and6, respectively from Tables3, 4, and5. The completeversionprovidedbetter

“best” resultsin six functions(g02, g04, g05,g07, g10 andg13), andsimilar “best”

resultsin othersix (g01, g03, g06, g08, g11 and12). Moreover, the completever-

sionprovidedbetter“mean” resultsfor threeproblems(g04,g11andg13),andsimilar

“mean” resultsin other four (g01, g03, g08 andg12). Finally the completeversion

obtainedbetter“worst” resultsin threeproblems(g03, g04 andg11), andit reached

similar “worst” solutionsfor otherthree(g01,g08andg12).
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Thus,our approachprovidesresultsof a betterquality whenusing the diversity

mechanism.However, thepricepaidfor thishigherqualityof resultsisaslightdecrease

in robustness.Also, the overall results(providing competitive resultsin all
� i test

functions)arebetterwhenthediversitymechanismis incorporatedinto our SMES.It

isalsoworthremindingthatthegoalof thediversitymechanismis to allow thesearchto

generatesolutionsin theboundariesof thefeasibleregion (which is somethingcritical

whendealingwith constraintsthatareactive in theglobaloptimum).Hence,theuseof

suchdiversitymechanismseemsa logical choicefor dealingwith activeconstraints.

To conclude,the combinedrecombinationseemsto be the dominantmechanism,

which is assistedby the fine mutationmovementsprovided by the reductionof the

initial stepsize.Finally, thediversitymechanismhelpsto samplesolutionslocatedon

theboundariesbetweenthefeasibleandinfeasibleregions.

7.2 ES againstGA

For thecomparisonof performancebetweenageneticalgorithmandanevolutionstrat-

egy, we useda real-codedGA with non-uniformmutation[24]. Sucha GA usedthe

samecomparisonmechanism(with the diversitymechanism)adoptedby our SMES.

It is importantto notethatwe testeddifferentmutationoperatorsfor real-codedGAs

andnon-uniformmutationprovided the bestresults. Furthermore,we intendedthat

theGA usedthesamefeaturesof theES(exceptfor theself-adaptive mutationwhich

we hypothesizedwasthemainstrengthof our ES-basedapproach).Finally, thesame

dynamicmechanismto handlethetolerancefor equalityconstraintswasemployed.

Theparametersusedby our real-codedGA werethefollowing:g Populationsize: � ���g Maximumnumberof generations:
� � ���g Crossover rate:

��� �g Mutationrate:
�#� �g Numberof objective functionevaluations:� m �����(��� (thesameperformedby our

SMES).
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We performed i � runs for eachtest problem. The resultsobtainedby the GA

arepresentedin Tables3, 4 and5 in column7 andthey arecomparedagainstthose

providedby theSMESin column6. As canbe seen,both the quality androbustness

of the resultsprovided by the GA are significantly poorerthan thoseobtainedwith

the evolution strategy in all the test functionsadopted.The exceptionsareg08, g11

andg12,in which theGA wasableto find competitiveresults.Theseresultshighlight

thestronginfluence(positive in this case)of usinga moreadequatesearchengine,in

ourcaseanESoveraGA. Therefore,theresultsseemto confirmour initial hypothesis

abouttheusefulnessof anESto sampleconstrainedsearchspacesin amoreappropriate

way.

8 Reachingthe FeasibleRegion

After discussingthequality, robustnessandcompetitivenessof our approachandafter

studyingthe effect of its threemain mechanisms,we wantedto verify the rate(mea-

suredin termsof generations)at which the algorithmwasable to reachthe feasible

region. This is an importantissue,becausein many real-world problemsis normally

desirableto find feasible(evenif not optimal)solutionswith thelowestpossiblenum-

berof fitnessfunctionevaluations.This factis dueto differentreasonstypically found

in industry:time-expensiveevaluationsof theobjectivefunction,restrictedtimeto pro-

vide resultsin highly constrainedproblems,etc. Note however that a too fastarrival

to thefeasibleregion is not alwaysdesirable,sinceit maybiasthesearchandkeepus

from reachingtheglobaloptimum.

To studythis issue,we monitoredthepercentageof feasiblesolutionsin thepopu-

lation of our SMESat every 200generations(let’s keepin mind that thetotal number

of generationswasfixedto 800). Theresultsarepresentedin Figure5(a). As canbe

seen,for all the testproblemsour approachreachesthe feasibleregion by generation

200. For problemg05,morethan � ��� of thepopulationis feasibleby generation200

andfor theremainingfunctionsalmostall thepopulationis feasibleby then.Basedon

theresultsfound,wewereinterestedin answeringtwo questions:
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1. What is the behavior beforegeneration200 (i.e., how fastdoesthe population

becomealmostfeasible—where“almostfeasible”refersto havea populationin

which at least50%of theindividualsarefeasible—)?

2. How well is thediversitymaintainedat latestagesof theevolutionaryprocess?

Theresultsobtainedfor thesetwo questionsareshown in Figure5(b) and5(d) for

question1 andin Figure5(c) for question2. Figure5(b)shows thatthefeasibleregion

is reachedat generation� � in mostcases.This meansthat (exceptfor g05 andg13)

theapproachonly requires� �
�
�(� FFEto find feasiblesolutions.In Table13,we show

thestatisticalresultsobtainedat this stageof thesearch.Notethatalthoughtheresults

arestill far from the optimum,with the exceptionof problemsg05 andg13,mostof

thesolutionsarefeasible.In Figure5(d) we observe in a close-upof Figure5(b) that

the algorithmhasthe capabilityof maintainingsomeinfeasiblesolutionsdespitethe

almost-feasiblepopulation(which follows themainmotivationfor usingthediversity

mechanismadopted).In addition,weshow thestatisticalresultsobtainedatgeneration� �(� in Table14. A substantialimprovementof thequalityandrobustnessof theresults

is shown at generation� �(� whereonly � �#���(��� FFEhave beenperformed.Indeed,the

resultsarecloseto theoptimumin mostof theproblems(for problemsg08andg12the

algorithmhasreachedtheglobaloptimum). This meansthat theapproachis aboutto

convergein mostcases.This highlightsthe importanceof thediversitymechanismin

orderto avoid that thealgorithmgetstrappedin local optimaandit canreacha better

solution(eventheglobaloptimum).

Ontheotherhand,Figure5(c)showsazoomingof Figure5(a),whereit is possible

to seeagainin detail the smoothoscillation on the percentageof feasiblesolutions

during theevolutionaryprocessaftergeneration� ��� . This behavior suggeststhat the

diversitymechanismstill workswell, maintainingnear-feasiblesolutionswith a good

valueof theobjective functionin thepopulation(between1 and3 infeasiblesolutions

areenoughbasedonthepreviousresultsof the � � >�c � -ESapproach[20], whichis able

to avoid localoptimawith only a few copiesof thebestinfeasiblesolution).

The final results(on generation� ��� ) provided in Table 2, comparedwith those

on generation� ��� (Table 14), suggestthat our diversity mechanismdoesits job of
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avoiding prematureconvergenceand,whencoupledwith thecombinationof discrete

andintermediaterecombinationandtheself-adaptationmechanismof theESleadsthe

evolutionarysearchtowardstheglobaloptimumof a problem.

It is importantto remarkthattheprocessof findingtheglobaloptimumtakesalmosti } m of theevolutionarysearchandonly
�K} m (or less)is necessaryto find the feasible

regionof thesearchspace.Wearguethatthisbehavior dependsmostlyof thelandscape

of thefunction,but suchideais not exploredany furtherin thiswork.

Thepointwewantto makehereis thatourapproachis fastat reachingthefeasible

region while managingto avoid local attractorsasto convergeto theglobaloptimum

or its closevicinity.

9 Conclusions

A new approachto handleconstraintsin evolutionaryoptimizationwasproposedin this

paper. Theproposedapproachdoesnot requiretheuseof apenaltyfunction,it usesthe

originalself-adaptationmechanismof amultimemberedESto samplethesearchspace

in order to reachthe feasibleregion and it adoptsa simple comparisonmechanism

basedon feasibility to guidethesearchtowardstheglobaloptimum.Furthermore,the

proposedtechniqueadoptsa combinationof discreteandintermediatepanmicticre-

combinationin order to improve the exploitation effort. Additionally, to favor finer

movementsin thesearchspace,theinitial valuesof thestepsize(sigmavalues)arede-

creasedin � ��� with respectto thevaluesnormallyadoptedwith amultimemberedES.

Finally, theapproachusesadiversitymechanismwhichconsistsof allowing infeasible

solutionscloseto theboundariesof thefeasibleregionto remainin thenext population.

This approachis very easyto implementandits computationalcost(basedon the

numberof fitnessfunctionevaluations)is considerablylower thanthecostreportedby

threeotherconstraint-handlingtechniqueswhicharerepresentativeof thestate-of-the-

art in evolutionaryoptimization.
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10 Futur e Work

One issuethat deservessomefurther study is the sensitivity of our approachto the

initial stepsize,sinceit is importantto have a betterunderstandingof the influence

of this parameteron theperformanceof our algorithm. Besides,dueto the relevance

shown by thecombinedrecombinationoperator, weareinterestedin testingothertypes

of recombinationoperatorslikegeneralizedpanmicticintermediaterecombination.

Anotherpathof future researchconsistsof applyingour approachto the solution

of real-world (engineering)optimizationproblems.Additionally wearealsointerested

in implementingourconstrainthandlingmechanismusingotherheuristicssuchasDif-

ferentialEvolution [27] andParticle Swarm Optimization[16]. This aimsto explore

thepossibilityof decreasingits computationalcost(measuredin termsof thenumber

of fitnessfunctionevaluations),afterreachingthefeasibleregion, sincein thecurrent

approachalmost75%of thesearchprocessis spenton this task.
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Appendix: TestFunctions

1. g01:
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Minimize: �	�
��/� �"� Je���N�. � � @ � Je���N�. � 0� @ J .T���N�� � � subjectto:�. �
��!� � � �/. > � �10 > �/. ��> �!.�. @ ��� � � 0 �
��!� � � � . > � � � > � . � > � .T0 @ ��� � � � �
��!� � � � 0 > � � � > � .Y. > � .T0 @ ��� � � � ����/� � @�� � . > � . � � � � ����/� � @�� � 0 > � .�. � ��� ����/� � @�� ��� > �!.T0�� ��� �
��/� � @ � � � @ ��� > �!. � � ��� �
��/� � @ � ��� @ ��� > �!.�.�� ��� �
��/� � @ � � � @ ��� > � .T0 � �
wheretheboundsare

� �R� � � �
(
���-�(�����
�)���

),
� �R� � � �����

(
���-�
���
���(��� � )

and
� ���/.��I� �

. Theglobaloptimumisat �!  � � ���
�����(���(�����
���
�����(���(� i � i � i ��� �
where �	� �   � � @ �¡� . Constraints�. , �0 , �� ,  � , �� and �� areactive.

2. g02:

Maximize: �	�
���� �9¢¢¢¢T£k¤¥O¦�§�¨[©Yªa«)¬O ¥a® � 0�¯ ¤¥O¦�§�¨[©Yª+°±¬O ¥a®s £ ¤¥O¦�§ �  °¥
¢¢¢¢ subjectto:

 . �
��/� � �#� � � @ L²�ONP. � � � �
�0 �
��/� � L³ �ONP. �1� @´� � ��� � �

(10)

where
�9� � � and

� �µ���d� ��� � �f�¶�����
���)��� � . The global maximumis

unknown; thebestreportedsolutionis [29] �	� �! 
� �;��� � � i�� ��� . Constraint . is

closeto beingactive (  . � @ �
� � � ).
3. g03:

Maximize: �	�
���� � � s � � L�· L�ONP. � �
subjectto:
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� �
��!� � J L�ONP. � 0� @ �B�"�
where

�-�¸�
�
and

� �¹���|� � � �º�¸���
���
�)��� � . The global maximumis at�! � ���¡} s � � �	�������
���)��� � where �	� �! �� �'�
.

4. g04:

Minimize: �	�
���� �"� � i � �K� � m<� � 0� > ��� ��i � �(� ��� � . � � >�i�� � � � i � i � � . @ºm � � � � ��� m �
subjectto: . �
��!� � � ��� i(i�m�m � �»> �#� �(�(� ��� � � � 0 � � > ��� ���(� � � � � � . � � @ ��� ��� �(� ��� i � � � � @� � � � 0 �
��!� � @�� � � i�i�m�m � �1@ �#� �(�(� �(� � � � 0 � � @ ��� ����� � � � � � . � � > ��� ��� �(� ��� i � � � � � ��� �
��!� � � ����� � � m � > ��� ��� � � i � � ��0T�1� > ��� ��� � ������� �/.��10 > ��� ��� � � � � i � 0� @ �(�
� � � � �
��!� � @�� ����� � � m � @ ��� ��� � � i � � ��0T�1� @ ��� ��� � �(�(��� �/.T�10 @ ��� ��� � � � � i � 0� > ��� ���� �
��!� �"�#� i ���(� � � > ��� ��� m<� � � � ���T�1� > ��� ���#� � � m<� �/.T�1� > ��� ���#�
��� � � �1�Y� � @ � � �� � �
��!� � @ ��� i �(��� � � @ �#� �(� m � � � � � � � � @ �#� �(��� � � m � � . � � @ ��� ���#�
�(� � � � � � � >� � � �
where: �K� �¼� . � �
� � , i�i �M� 0 � m � , � � �;� � � m � � ��� i � m �Y� � . Theopti-

mumsolutionis �/  � �½��� � i(i � � ��� ����� � � � � � � �(� � � m � � i�� � ��� � � � � ���(� �K��� � where�	� �/ �� � @�i � �(� ��� � i � . Constraints�. y �� areactive.

5. g05

Minimize:�	�
��/� � i � . > ��� �����(���#� � � . > � � 0 >"� ��� �����(��� � } i �[� �0
subjectto: . �
��!� � @ � � > � � @ ������� � � 0 �
��!� � @ � � > � � @ ������� � �� � ����/� ���
�(���¿¾�ÀOÁ ��@ �1� @ ��� � � � >�����(�¿¾�ÀOÁ �T@ � � @ �#� � � � >�� � m � �Â@ �/. �"�� � ����/� ���
�(���¿¾�ÀOÁ � �1� @ ��� � � � >
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�����(�¿¾�ÀOÁ � � � @ � � @ ��� � � � >�� � m � �Â@ � 0 �"�� � ����/� ���
�(���¿¾�ÀOÁ � � � @ ��� � � � >�����(�¿¾�ÀOÁ � � � @ �1� @ ��� � � � > � � � m � � �e�
where

� �Ã�!.�� � � �(� , � �~��0d� � � ��� , @ ������� �~�1�?� �������
, and @ ������� �� � � �������

. Thebestknown solutionis �/  � �Ä��� ��� � m � i �
�
� � � � � �<� �������(� ���(���Km �@ �#� i � � � i�i(� � where �	� �   � �¼� � � � � m � � � .
6. g06

Minimize: �	�
��/� � � � . @ �
� � � >M� � 0 @ � � � �
subjectto:�. �
��!� � @�� �/. @ � � 0 @h� �10 @ � � 0 > �
��� � ��0 �
��!� � � �/. @Å� � 0 >M� �10 @ � � 0 @Å� � � � � � �
where

� i �Æ� . � �
���
and

� �Æ� 0 � �
���
. The optimumsolution is �/  �� � m � �(�(� �Y��� ��m � � � � where �	� �/ 
� � @�� � � �(� � � i(��� . Bothconstraintsareactive.

7. g07

Minimize: �	�
��!� � � 0 . > � 00 > � . � 0 @ � m � . @ � � � 0 >G� � � @ �
� � 0 >dm�� � � @ � � 0 >� � � @Çi � 0 > � � � � @ � � 0 > � � 0� >G��� � � @ �(� � 0 > � � �1� @ ��� � 0 >R� � . � @Å� � 0 >lm �
subjectto:�. �
��!� � @ ���(� >´m �/. > � ��0 @Åi �1� > � ���I� ��0 �
��!� �'��� �!. @l� �10 @ � � �1� > � �1��� ��� �
��!� � @�� �/. > � ��0 > � � � @ � �!. ��@ � � � � � �
��!� � i1� � . @ � � 0 >Gm1� � 0 @Åi � 0 > � � 0� @G� � � @ � � � � � � �
��!� �M� � 0 . >�� � 0 >"� � � @l� � 0 @ � � � @xm � � � � �
��!� � � 0 . > � � � 0 @ � � 0 @ � � . � 0 > � m � � @l� � � � � � �
��!� �"�#� � � � . @l� � 0 > � � � 0 @lm � 0 >Gi � 0� @ � � @Åi � � � � �
��!� � @�i � . >�� � 0 > � � � �1� @Å� � 0 @´� � . � � �
where @ �
� �:����� �
� � ���'�(�����
�)����� � . Theglobaloptimumis �/  � � � ��� � ����� � �� � i(��i(����i � � � �(�Ki � � � �\� � ���(��� �Km ��� � ���(� � � m�� ����� m�i ��� ��m �)�(� i � � ��m�m �Y��� � � �(� � � �
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� � � � �(��� � � � � i<� ��� � � � where �	� �! �� � � m � i � � � ���#� . Constraints . ,  0 ,  � ,  � ,�� and �� areactive.

8. g08

Maximize: �	�
���� � ªaÈ É
Ê)¬ 0YË  § ® ªaÈ É�¬ 0�Ë  ° ® Ê § ¬� §TÌ  ° ®subjectto:�. �
��!� � � 0 . @ �10 > � � ��0 �
��!� �'� @ �/. >"� �10 @lm � 0 � �
where

� �Í� . � ���
and

� �Í� 0 � �
�
. The optimumsolution is locatedat�!  � � �(� �(� � � � � i � m � � m � i��¡i(i � where �	� �! �� �e��� ����� � � � .

9. g09

Minimize: �	�
���� � � � . @ ��� � 0 > � � � 0 @ � � � 0 > � � � >"i#� � � @ ��� � 0 > �
� � �� >� � 0� > � � � @xm � � � � @ �
� � � @Å� � �
subjectto:

�. �
��!� � @ � � ��> � � 0 . >�i � � 0 > �1� >Gm � 0� > � �1��� � 0 �
��!� � @ � � � >:� � . >�i � 0 > �
� � 0� > � � @ � � � � � �
��!� � @ ��� �»> � i � . > � 00 >�� � 0� @Å� � � � � � �
��!� � m � 0 . > � 00 @li � . � 0 > � � 0� > � � � @ ��� � � � �
where @ ��� �e� � � �
� � �r�-���
���
�)� � � . Theglobaloptimumis �/  � � � � i(i � m ���#��(� ��� � i�� � � @ �#� m ��� � m � m � m � i�� � � � � � @ � � � � m�m��<� ���
��� � i�� � i ���
�����K� m �(� � � where�	� �/ �� � ��� �#� �(i �(�(� ��i . Two constraintsareactive ( �. and  � ).

10. g10

Minimize: �	�
��/� � �!. > ��0 > �1�
subjectto: �. �
��!� � @ � > ��� ��� � � � � � > �1�¡��� ��0 �
��!� � @ � > ��� ��� � � � �1� > �1� @ � � ��� � � �
��!� � @ � > ��� ��� � � � @ � � ��� � � �
��!� � @ � . � � >G�(i�i � i(i � � � � � > �
�(� � . @Å��i(i�i�i � i(i�i � �
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 � �
��!� � @ � 0 � � > � � ��� � � > � 0 � � @ � � ��� � � � ��� �
��!� � @ ���)��� > � � �������(� > �1�
�1� @ � ����� �1�Â� �
where

�
�(� �j� . � �����(���
,
�
�(��� �j� � � �
�(�����

, � �Î� � � i � , ��� �j� � � �����(�
,� �	� m �
������� � � . Theglobaloptimumis: �   � � � � ���O�
�#��� i�� �#��� i �\� �
�(� � � � �� � � � �#� �¡m � � �(� ����� � �<� � � � � � � ���#� � �(� � m ��� i ��� ����� � � � , where�	� �/ �� � � � m ��� � � .  . , 0 and  � areactive.

11. g11

Minimize: �	�
��/� � � 0 . >"� � 0 @ � � 0
subjectto:� �
��!� � � 0 @ � 0 . �"�
where: @ � �¶�!.'� �

, @ � �¶�10Ï� �
. The optimum solution is �   ��]Ð �¡} s � ���¡} � � where �	� �/ 
� �e�#� � � .

12. g12

Maximize: �	�
���� � . ��� � ¬� § � � ® ° � ¬� ° � � ® ° � ¬� Ê � � ® °. �Y�
subjectto: . �
��!� � � � . @ * � 0 >M� � 0 @lÑ � 0 >M� � � @xF � 0 @ �#� � � � � � �
where

� �¹� � � ��� � �|�¸��� � � i � and
*�� Ñ � F �Ò�(� � �����
�±��� . The feasiblere-

gion of thesearchspaceconsistsof
� �

disjointedspheres.A point � � . � � 0 � � � �
is feasibleif andonly if thereexist

*�� Ñ � F suchtheabove inequality(12) holds.

Theglobaloptimumis locatedat �/  � � ���Y���Y� � where �	� �/ 
� �j�
.

13. g13

Minimize: �	�
��/� �eÓ  §  °  Ê  « �Ôsubjectto:� . ����/� � � 0 . > � 00 > � 0� > � 0� > � 0� @ ���I�M�� 0 ����/� � �10
�1� @ � � � ��� �M�� � ����/� � � � . > � �0 > �B�M�
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where @ � � i �Ã� � � � � i�� �I�Õ��� � � and @�i � � �Ã� � � i � � � �I� i � m �\� � . The

optimumsolutionis �!  � �T@ �(� � � � � m(i ����������� � �����
��� � � � � m<� � @ � � ����i���m � i �@ ��� �K�(i���m � � where �	� �/ 
� �"�#� ��� i � m � � .

28



References

[1] Dirk V. Arnold. Noisy Optimization with Evolution Strategies. Kluwer Academic

Publishers,New York, June2002. ISBN 1-4020-7105-1.

[2] TorstenAsselmeyer, WernerEbeling,andHelgeRośe. Evolutionarystrategiesof
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FigureCaptions

Figure1: Algorithm of the variationof a �a=Ç> � � -ES usedin the first versionof the

approach.

Figure2: Pseudocodeof thegenerationof thepopulationfor thenext generationwith

the diversitymechanismincorporated.�/Ö �5* �Ä� � is a function that returnsTRUE with

probability � .

Figure3: Pseudocodeof the panmicticcombined(discrete-intermediate)recombina-

tion operatorusedby our approach. �/Ö �5* �+� � is a function that returnsTRUE with

probability �
Figure4: Algorithmof our �+=�>×c � -ES.Thethickboxesindicatethethreemodifications

madeto theoriginalES.

Figure5: Percentageof FeasibleSolutions(a) every 200generations(from 0 to 800),

(b) every20generations(from 0 to 200),(c) adetailedoscillationof feasibleandinfea-

siblesolutions(from 0 to 800)and(d) a detailedoscillationof feasibleandinfeasible

solutions(from 0 to 200)
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Figureson Indi vidual Pages
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t=0

Create "u" mutations of x(0)

Create 1 child c(t) combining
the "u" mutations

x(0)=best(x(0),c(t))

Use the "1/5" rule to 

adapt the sigma value 

t=t+1

t=TMAX Final Solution x(0)
yesno

Create random solution x(0)
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function population for next generation()

For i=1 to Ø Do

If flip(0.97)

Selectthebestindividual basedon thecomparisonmechanism

from theunionof theparentsandoffspringpopulation,

addit to thepopulationfor thenext generationanddelete

it from this union.

Else

If flip(0.5)

Selectthebestinfeasibleindividual from theparents

populationandaddit to thepopulationfor thenext

generation.

Else

Selectthebestinfeasibleindividual from theoffspring

populationandaddit to thepopulationfor thenext

generation.

End If

End If

End For

End
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function combined recombination()

Selectrandomlymate1 from theparentspopulation

For i=1 to NUMBER OF VARIABLES Do

Selectrandomlymate2 from theparentspopulation

If flip(0.5)

If flip(0.5)Ù�ÚKÛÝÜßÞ)à#á�âÂã)äaå æ�à
ElseÙ�ÚKÛÝÜßÞ)à#á�âÂã)äaå ç±à
End If

Else Ù�ÚKÛÝÜßÞ)à#á�âÂã)äaå æ�à�è�éÄé�âBã�äaå ç±à êkâÂã)äaå æ�àÄë\ç�ì½í)î
End If

End For

End
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l=lambda

l=0

l=l+1

t=TMAX
no

no

t=1 

t=t+1

Create "u" random solutions p(0)

Evaluate p(0)

Apply combined crossover 
to create one  new_solution(l)

Mutate new_solution(l)

from the u+lambda solutions

Diversity  

Mechanism

Final Population

p(t)=replace best "u" 

yes

yes

with reduced initial stepsize
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(a)FeasibleSolutionsfrom Generation0 to 800 (b) FeasibleSolutionsfrom Generation0 to 200
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(c) Detail from Generation0 to 800 (d) Detail from Generation0 to 200
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TableCaptions

Table1: Valuesof y for the13 testproblemschosen.

Table 2: Statisticalresultsobtainedby our SMES for the 13 test functionsover 30

independentruns. A result in boldface indicatesthat the global optimum (or best

known solution)wasreached.

Table3: Comparisonof thebestsolutionsfoundby our SMESagainsttheHomomor-

phousMaps(HM), StochasticRanking(SR),ASCHEA,ourGA versionandtwo other

versionsof ourSMES:onethatusesonly recombinationandanotheronethatusesboth

recombinationandstepsizereduction.A resultin boldfaceindicatesthattheglobalop-

timum(or bestknown solution)wasreached.“-” meansthatnofeasiblesolutionswere

found.NA = Not available.

Table4: Comparisonof the meansolutionsfound by our SMESagainstthe Homo-

morphousMaps(HM), StochasticRanking(SR),ASCHEA, our GA versionandtwo

otherversionsof our SMES:onethat usesonly recombinationandanotheronethat

usesboth recombinationandstepsizereduction. A result in boldface indicatesthat

theglobaloptimum(or bestknown solution)wasreached.“-” meansthatno feasible

solutionswerefound.NA = Not available.

Table5: Comparisonof the worst solutionsfound by our SMESagainstthe Homo-

morphousMaps(HM), StochasticRanking(SR),ASCHEA, our GA versionandtwo

otherversionsof our SMES:onethat usesonly recombinationandanotheronethat

usesboth recombinationandstepsizereduction. A result in boldface indicatesthat

theglobaloptimum(or bestknown solution)wasreached.“-” meansthatno feasible

solutionswerefound.NA = Not available.

Table6: Numberof runs(outof 30)wheretheglobaloptimum(or bestknownsolution)

wasfound. We alsoshow thebestandaveragegenerationnumberat which theglobal

optimum(or bestknown solution)wasfound.
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Table7: Bestsolutionsfoundby our SMESwith its threemechanismsanalyzedsep-

arately. “*” meansinfeasible.A resultin boldface indicatesthat theglobaloptimum

(or bestknown solution)wasfound.

Table8: Meansolutionsfoundby our SMESwith its threemechanismsanalyzedsep-

arately. “*” meansinfeasible.A resultin boldface indicatesthat theglobaloptimum

(or bestknown solution)wasfound.

Table9: Worstsolutionsfoundby our SMESwith its threemechanismsanalyzedsep-

arately. “*” meansinfeasible.A resultin boldface indicatesthat theglobaloptimum

(or bestknown solution)wasfound.

Table10: Bestsolutionsfoundby our SMESwith all possiblecombinationsof two of

its (three)mechanisms.“*” meansinfeasible.A result in boldface indicatesthat the

globaloptimum(or bestknown solution)wasfound.

Table11: Meansolutionsfoundby ourSMESwith all possiblecombinationsof two of

its (three)mechanisms.A resultin boldface indicatesthattheglobaloptimum(or best

known solution)wasfound.

Table12: Worst solutionsfoundby our SMESwith all possiblecombinationsof two

of its (three)mechanisms.A resultin boldface indicatesthat theglobaloptimum(or

bestknown solution)wasfound.

Table13: Statisticalresultsof our approachafter20 generations.(“*” meansinfeasi-

ble). A resultin boldface indicatesthat theglobaloptimum(or bestknown solution)

wasreached.

Table14: StatisticalResultsof our approachafter200generations.(“*” meansinfea-

sible).A resultin boldface indicatesthattheglobaloptimum(or bestknown solution)

wasreached.
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Problem n Typeof function y LI NI LE NE

g01 13 quadratic
�#� �(��� i � 9 0 0 0

g02 20 nonlinear
�(��� ��� ��i � 1 1 0 0

g03 10 nonlinear
�#� �(� � � � 0 0 0 1

g04 5 quadratic � � � ��� � ��� 0 6 0 0

g05 4 nonlinear
�#� �(���(���

2 0 0 3

g06 2 nonlinear
�#� �(�(� � � 0 2 0 0

g07 10 quadratic
�#� �(���(���

3 5 0 0

g08 2 nonlinear
�#� � � � �¡� 0 2 0 0

g09 7 nonlinear
�#� ���
�(���

0 4 0 0

g10 8 linear
�#� �(� � ��� 3 3 0 0

g11 2 quadratic
�#� �(� ��i � 0 0 0 1

g12 3 quadratic m � ��� � � � 0
� �

0 0

g13 5 nonlinear
�#� �(���(���

0 0 1 2
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Statistical Resultsof the Simple Multimember edEvolution Strategy (SMES)

Problem Optimal Best Mean Median Worst St. Dev.

g01 ï»ð±ñ�ò ó�ó
ó ï»ô�õ#ò ö<ö<ö ï»ô�õ#ò ö<ö�ö ï»ô�õ#ò ö<ö�ö ï»ô�õ�ò ö�ö<ö ó
g02 ó�ò ÷�ó
ø�ù�ð±ú ó�ò ÷�ó
ø�ù�ó�ð ó�ò û
÷�ñ�ü�ø�÷ ó�ò û
ú�ü�ñ)ý¡ú ó�ò û
ñ�ð±ø�ü�ü ð
ò ù�û E- ü
g03 ð
ò ó�ó�ó ô�ò ö�ö<ö ô<ò ö<ö<ö ô<ò ö<ö<ö ô<ò ö<ö<ö üKò ó
ú E-ý
g04 ïþø�ó�ù
ù¡ñKò ñ�ø�ú ïrÿ�ö����<õ#ò õ<ÿ�� ïrÿ�ö����<õ#ò õ<ÿ�� ïrÿ(ö����<õ#ò õ<ÿ�� ïrÿ(ö����<õ#ò õ<ÿ�� ó
g05 ñ�ð±ü
ù�ò ý�ú�÷ ñ�ð)ü�ù�ò ñ
ú
ú ñ�ð±û�ý(ò ý�ú¡ü ñ�ð\ù�ó�ò ð\ú�÷ ñ
ø
ó
ý�òßð\ù¡û ñ
ó�ò ó
ù E+ó
g06 ïþù�ú
ù�ð�ò ÷�ð\ý ï������#ô<ò �#ô�� ïþù�ú
ù�ð�ò ü�÷
ý ï�������ô<ò �#ô	� ïþù�ú�ñ�üKò ý�÷¡ü ð�ò ÷�ñ E+ó
g07 ü)ý(ò ø�ó
ù ü�ý�ò ø¡ü�û ü�ý�ò ýKû�ñ ü)ý(ò ýKü�ù ü)ý(ò ÷
ý�ø ð
ò ø�ü E- ð
g08 ó�ò ó�ú�ñ
÷�ü�ñ ö1ò ö��<õ���
�õ ö1ò ö��<õ���
<õ ö1ò ö��<õ���
<õ ö1ò ö��<õ���
<õ ó
g09 ù
÷�ó�ò ù
ø ù�÷
ó�ò ù�ø�ü ù�÷
ó�ò ù
ý�ø ù�÷
ó�ò ù
ý¡ü ù
÷�ó�ò ûKð±ú ð
ò ñ
ñ E- ü
g10 û
ó�ý¡ú�ò ü
ñ û
ó¡ñKð�ò ú�ó
ø û�ü
ñ
ø�ò ó�ýKû û�ü
ñ
ø�ò ù
ó�ø û
ù
ø�÷�ò ø
ù�ù ð±ø�ù�ò ó¡ü E+ó
g11 ó�ò û�ñ ö1ò ��õ ö1ò ��õ ö1ò ��õ ö#ò��(õ ð
ò ñ
ü E-ý
g12 ð
ò ó�ó�ó ô�ò ö�ö<ö ô<ò ö<ö<ö ô<ò ö<ö<ö ô<ò ö<ö<ö ó
g13 ó�ò ó¡ñ�ø�ú�ñ
ó ó�ò ó¡ñ�ø�ú�÷
ù ó�ò ð±ù
ù�ø
÷¡ñ ó�ò ó�ù�ð±÷�û
ø ó�ò ý�ù�÷¡ü�ú
ý ð
ò û
û E- ð
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Comparisonof the bestsolution obtained.

P Optimal HM SR ASCHEA SMES GA Recomb. Recomb.&

Step.Reduc.

g01 � .T�� ���Y� � . �  �Y���Y� � ���  ����� � ���  � � ���  ����� � . �  �Y� � � ���  ����� � ���  �����g02 �  � � ���±. � �  � �Y� �Y� �  � � �Y�±.T� �  ���Y� �� ��������� � �  � � ��0Y�±. �  � � �Y��� � �  � � �Y� � 0
g03

.� �Y��� �  ���Y� � �  ����� �  � �  ����� �  ��� � �  � �Y� �  �����
g04 � � � ���Y�� ��� � � � � �Y� �  � � ������� �  � ��� � � � ���Y�� � � ������� �  � ��� � � � �Y0��� � ��� � � � �Y�Y�� �Y� � � � � ���Y�� � 0Y0g05

�\.�0Y�� � � � � ����� �� ����� �\.�0Y�� � �\.�0��� � ��� � �±.T�Y�� � �Y� �±.�0��� � �Y�
g06 � � � �±.� �±. � � � � �Y0� . � ����� �  � � � � � � �\.� �±. � ����� �  � � � � � � �Y0� � �Y0 � ����� �  � � � � ����� �  � � �g07

0 �  � � � 0 �  �Y0 � � �� ����� 0 �  ���Y0�� 0 �  �Y0Y� �\.� � � � 0 �  �Y� � 0 �  � � �
g08 �  � � ���Y0�� �� ��� � � ��� � �� ��� � � ��� �� ��� � � ��� �� ��� � � ��� �� ��� � � ��� �� ��� � � ��� �� ��� � � ���
g09

�Y� �  �Y� �Y� �  � . ������ ����� ������ ����� �Y� �  ���Y0 �Y�Y�� �Y� � ��� �  �Y�Y0 ��� �  ���±.
g10

� � � �  0Y� �±. � �� � � � � �  �±.T� � � �\.� .T� ��� ���  ����� � � � �  �Y� � �Y0��±.� � � � � � ��0� ��� �
g11 �  ��� �� � � �� � � � �� � � �� � � �� � � �� � � �� � �
g12

.� �Y��� �  �Y���Y���Y� ���Y� �  �����������  "! �  ����� �  ����� �  ����� �  �����
g13 �  � �Y� � � �  #! �� � � ��� � �  "! �  � ��� � ��� �  .T� � � �Y� �  .T�±.����Y� �  � ��� � �Y�
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Comparison of the meansolution obtained.

P Optimal HM SR ASCHEA SMES GA Recomb. Recomb.&

Step.Reduc.

g01 � .T�� ���Y� � . �  � � �Y0 � ���  ����� � . �  � � � ���  ����� � . �  0Y��� � ���  ����� � ���  �����g02 �  � � ���±. � �  � � ���±. �  �Y�\. � ��� �  � � �  �Y���Y0��Y� �  ���Y���Y�Y� �� ��� � ����� �  � � �Y���Y�
g03

.� �Y��� �  ��� � � �  ����� �  �Y�Y� � � �  ����� �  � �Y� �  ��0 � �  �����
g04 � � � ���Y�� ��� � � � � �Y���� � � ������� �  � ��� � � � �Y���� � � ������� �  � ��� � � � � � �  � �Y� � � � �Y���� �Y� � � � � �Y�±.� . � �g05

�\.�0Y�� � � � � ����� �� ��� � �\. � .� �Y� �±.�� �  � � 0 � �±.T�Y�� � �Y� �±.T�Y�� ��� �
g06 � � � �±.� �±. � � �Y� � 0� � � ���Y�Y�� � � � � ����� �  � � � � � �\.� 0Y� � � �Y���Y0� 0 � � � ����� �  � � � � ����� �  � � �g07

0 �  � � � 0 �  �Y0�� � �� ����� 0 �  ��� 0 �  � ��� � �  � � � 0 �  � ��0 0 �  � � �
g08 �  � � ���Y0�� �  � � � .��Y��� �� ��� � � ��� �� ��� � � ��� �� ��� � � ��� �  � � ��� �Y� �� ��� � � ��� �� ��� � � ���
g09

�Y� �  �Y� �Y�\.� .T� �Y� �  ���Y� ��� �  � � . ��� �  � � � � � 0� � � � ������ ����� ������ �����
g10

� � � �  0Y� �±.T�Y�� � ���Y� �  . � 0 � � ���� ��� �Y0Y���� � � � . �Y��� �� 0�0Y� �Y���Y�� �Y� � �±. � �� ���Y�
g11 �  ��� �� � � �� � � � �� � � �� � � �� � � �  ���Y0 �  ���Y0
g12

.� �Y��� �  �Y��� .T� � �\.�� �  �����������  "! �  ����� �  ����� �  ����� �  �����
g13 �  � �Y� � � �  #! �� � � �������  "! �  .����Y���Y� � �  ���Y��� � � �  0 � � � � �
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Comparisonof the worst solution obtained.

P Optimal HM SR ASCHEA SMES GA Recomb. Recomb.&

Step.Reduc.

g01 � .T�� ���Y� � . �  �±.T� � � ���  �����  "! � ���  ����� � . �  � .T� � ���  ����� � ���  �����g02 �  � � ���±. � �� ��� ��� � �  �Y0��Y0Y���  "! �  �Y�\.���0Y0 �  �Y� � . � � �  ���Y���Y0Y� �  ���Y�Y0��Y�
g03

.� �Y��� �  ��� ��� �  �����  "! �  ����� �  � �Y� �  0 � � �  ���Y�
g04 � � � ���Y�� ��� � � � � � � �� � � ������� �  � ���  "! � ������� �  � ��� � � � �Y���� . � � � � � � � �  � 0 � � � � � � �� � � �g05

�\.�0Y�� � � � � ��� � �  ��� �  "! �Y� � �  .T�Y� � �Y0 � �� � �Y� �Y0 � .� � �Y�
g06 � � � �±.� �±. � � � � �Y�� � � ���Y� �  0Y��0  "! � � � ��0� � ��0 � �Y��� �  0Y�Y� � �Y0\.��� ���Y� � ����� �  � � �g07

0 �  � � � 0Y�� � � � � �� ��� �  "! 0 �  � � � �Y�� ���Y� 0 �  ���Y� 0 �  �Y� �
g08 �  � � ���Y0�� �  � 0 � . � ��� �� ��� � � ���  "! �� ��� � � ��� �  � � ���Y0�� �� ��� � � ��� �� ��� � � ���
g09

�Y� �  �Y� �Y���� .T� �Y� �  ���Y�  "! ��� �  �\. � � � �� 0 � � ������ ����� ��� �  �Y� �
g10

� � � �  0Y� � ��� �  � ���Y���� �Y���  "! �Y�Y���� ���Y� .�. ��� �� ���Y� �Y� � �� �Y� � �������� �����
g11 �  ��� �� � � �� � � �  "! �� � � �  �Y�Y0 �  ���Y� �  ���Y�
g12

.� �Y��� �  �Y� . � � � � � � �  �����������  "! �  ����� �  �Y�Y� �  ����� �  �����
g13 �  � �Y� � � �  #! �� ��� ��� ���  "! �  � ���Y0 � � � � �  � �Y�Y0��Y�
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Problem Runs that find the optimum Lowestgeneration Average

g01 i � ��i�m ��� �
g03 i � m � � ��m
g04 i � ��� i � � �
g06

��� m<� � m �
g08 i � ��� � �
g11 i � � � ���
g12 i � ��i ���
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Bestsolutionsobtainedby our SMES with its thr eemechanismsanalyzedseparately

Problem Optimal Only Combined Recombination Only Diversity Mech. Only StepsizeReduction

g01 ï»ð±ñ�ò ó�ó
ó ï»ô�õ#ò ö<ö�ö ï»ô�õ#ò ö<ö<ö ï»ô�õ#ò ö<ö<ö
g02 ó�ò ÷�ó
ø�ù�ð±ú ö1ò ��ö ÿ<õ���� ó�ò û
ù�ø�ü�ü�ù ó�ò û�ý�ý¡ñ�ü)ý
g03 ð
ò ó�ó�ó ó�ò ÷
ó�ó ö1ò ����õ ó�ò ý¡÷�ü
g04 ïþø�ó�ù
ù¡ñKò ñ�ø�ú ïrÿ�ö����<õ#ò ����õ ïþø
ó�ù�ù
ø�ò ù¡ü
ñ ïþø
ó�ù�ù�ý(ò ù�ó
ú
g05 ñ�ð±ü
ù�ò ý�ú�÷ ñ�ð\ø�ø�ò ú
ø¡ñ ñKð)ü
û�ò ð±÷�û õ�ô�
��#ò �<ÿ��
g06 ïþù�ú
ù�ð�ò ÷�ð\ý ï������#ô�ò ��ô	� ï������#ô<ò �#ô	� ï������#ô<ò �#ô	�
g07 ü)ý(ò ø�ó
ù 
$��ò ÿ��(ö ü�ý�ò ñ
û
ù ü�ý(ò ý¡ü
ú
g08 ó�ò ó�ú�ñ
÷�ü�ñ ö1ò ö��<õ���
<õ ö1ò ö��<õ���
�õ ö#ò ö��<õ���
<õ
g09 ù
÷�ó�ò ù
ø ����ö1ò �<ÿ�
 ù�÷�ó�ò ù¡ñ�ý ù�÷�ó�ò ù¡ñ�ý
g10 û
ó�ý¡ú�ò ü
ñ û�ü�ø�ð�ò ý�ú¡û û�ó¡û�÷�ò ÷¡ü�ø ��ö õ��#ò õ$�%�
g11 ó�ò û�ñ ö1ò ��õ ö1ò ��õ ö1ò ��õ
g12 ð
ò ó�ó�ó ô<ò ö<ö<ö ô<ò ö<ö�ö ô<ò ö<ö�ö
g13 ó�ò ó¡ñ�ø�ú�ñ
ó ö1ò ô$��ô���õ<õ ó�ò ó�ü�ñ�ù�ù¡û�& ó�ò ó�ð±ø
ù�ð)û�&
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Mean solutionsobtainedby our SMESwith its thr eemechanismsanalyzedseparately

Problem Optimal Only Combined Recombination Only Diversity Mech. Only StepsizeReduction

g01 ï»ð±ñ�ò ó�ó
ó ï»ô�õ#ò ö<ö�ö ï»ð\ý�ò ó�ñ�ñ ï»ð\ý(ò ý�ú�ø
g02 ó�ò ÷�ó
ø�ù�ð±ú ö1ò ��ö�
<ÿ���� ó�ò ù�û�ý ó�ò ù¡ü�û
ü
ø�û
g03 ð
ò ó�ó�ó ó�ò ñ
ü
ú ö1ò ����
 ó�ò ü�ð±ü
g04 ïþø�ó�ù
ù¡ñKò ñ�ø�ú ïrÿ�ö����<õ#ò ����õ ïþø
ó�ù�ø
ó�ò ü
ø�ð ïþø
ó�ù�ø
ø�ò ó�ó
ø
g05 ñ�ð±ü
ù�ò ý�ú�÷ õ#ô�ÿ<ÿ�ò ��ÿ<õ ñ�ø¡û�ø�ò ýKü)ý ñ
ü�ûKð�ò ü
ú
ù
g06 ïþù�ú
ù�ð�ò ÷�ð\ý ï������#ô�ò ��ô	� ïþù
ú¡ñ�ó�ò ø¡û�ø ïþù
ú�ù�ð�ò ý¡ø
ú
g07 ü)ý(ò ø�ó
ù 
$��ò �'�$
 ü
ù�ò ÷
÷�ø ü
ù�ò ù
ú
ý
g08 ó�ò ó�ú�ñ
÷�ü�ñ ö1ò ö��<õ���
<õ ö1ò ö��<õ���
�õ ö#ò ö��<õ���
<õ
g09 ù
÷�ó�ò ù
ø ����ö1ò �<ÿ�� ù�÷�ð
ò ó�ú�÷ ù�÷�ð
ò ü
ú�ú
g10 û
ó�ý¡ú�ò ü
ñ ��ÿ<õ<õ�ò õ��$� û
û
÷
ø�ò ú�ù�ñ û
ñ�ü
û�ò ñ
÷
÷
g11 ó�ò û�ñ ö1ò ��õ�
 ó�ò û
ñ�ñ ö1ò ��õ�

g12 ð
ò ó�ó�ó ô<ò ö<ö<ö ô<ò ö<ö�ö ô<ò ö<ö�ö
g13 ó�ò ó¡ñ�ø�ú�ñ
ó ö1ò ���������%� ó�ò ó�ñ�ü
ü
ø�÷�& ó�ò ü�ó�ð\ø�ø¡ü�&
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Worst solutionsobtainedby our SMESwith its thr eemechanismsanalyzedseparately

Problem Optimal Only Combined Recombination Only Diversity Mech. Only StepsizeReduction

g01 ï»ð±ñ�ò ó�ó
ó ï»ô�õ#ò ö<ö�ö ï»ð±ó�ò ÷�û�ñ ï»ð)ü�ò ñ�÷¡ñ
g02 ó�ò ÷�ó
ø�ù�ð±ú ö1ò ��������
�� ó�ò ñ
÷�ù�ý¡ó
÷ ó�ò ý¡ú�ú�û�û�ø
g03 ð
ò ó�ó�ó ó�ò ü�ú
ý ö1ò ���1ô ó�ò ó¡üKð
g04 ïþø�ó�ù
ù¡ñKò ñ�ø�ú ïrÿ�ö��$�%�#ò �%
$� ïþø
ó
ý�ý¡û�ò ø�÷�ð ïþø
ó¡ñ
÷�ü�ò ó¡ü�ø
g05 ñ�ð±ü
ù�ò ý�ú�÷ õ�
$�%��ò ����� ù
ó�ð\÷�ò ýKü�ù ù
ó�ú
ó�ò ù¡ü�ø
g06 ïþù�ú
ù�ð�ò ÷�ð\ý ïrñ�üKð±÷�ò ù�ñ�û ïþù
ù�ð\÷�ò ù�ð±ñ ï����<õ�
#ò ��õ�ö
g07 ü)ý(ò ø�ó
ù 
$��ò �<õ�� ø�÷�ò ûKð±ó ø�ð�ò ú
÷¡ü
g08 ó�ò ó�ú�ñ
÷�ü�ñ ö1ò ö��<õ���
<õ ö1ò ö��<õ���
�õ ö#ò ö��<õ���
<õ
g09 ù
÷�ó�ò ù
ø ����ö1ò �$�%� ù�÷�ð
ò û�ñ�ü ù�÷�ø�ò ù�ð�ð
g10 û
ó�ý¡ú�ò ü
ñ ��õ$�%��ò õ�ÿ�ö ú
ó�÷
ú�ò ýKû�ó ÷�ñ
÷�ñ�ò ó¡ü
û
g11 ó�ò û�ñ ó�ò û�÷¡ñ ó�ò ÷�ü�ý ö1ò �����
g12 ð
ò ó�ó�ó ô<ò ö<ö<ö ó�ò ú
ú�ú ô<ò ö<ö�ö
g13 ó�ò ó¡ñ�ø�ú�ñ
ó ð�ò ó
ó�ó
ý	& ö1ò ö���
�ô�
 ð
ò ú
ù¡ñ�ø¡û�ð�&
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Bestsolutionsobtainedby our SMES with two of its mechanismscombined.

Problem Optimal CombinedRecombination& CombinedRecombination& StepsizeReduction&

Diversity Mechanism StepsizeReduction Diversity Mechanism

g01 ï»ð±ñ�ò ó�ó
ó ï»ô�õ#ò ö<ö<ö ï»ô�õ�ò ö�ö<ö ï»ô�õ#ò ö<ö�ö
g02 ó�ò ÷�ó
ø�ù�ð±ú ó�ò ÷�ó�ø�ñ�ý�ú ö1ò ��ö ÿ�õ���
 ó�ò û�ý�ð±ó�ü�û
g03 ð
ò ó�ó�ó ó�ò ú�ú
÷ ô<ò ö<ö<ö ó�ò û
ü�ñ
g04 ïþø�ó�ù
ù¡ñKò ñ�ø�ú ïrÿ�ö�����õ#ò õ<ÿ�� ïþø�ó
ù�ù¡ñKò ýKü�ü ïþø�ó�ù
ù¡ñKò ø�ð±÷
g05 ñ�ð±ü
ù�ò ý�ú�÷ ñKð±ó¡ñKò ø
ýKû�& ñ�ð±ü
ù�ò ú
÷�÷ õ#ô�
���ò õ�ÿ$�
g06 ïþù�ú
ù�ð�ò ÷�ð\ý ï������#ô<ò �#ô	� ï�������ô<ò �#ô	� ï������#ô�ò ��ô	�
g07 ü)ý(ò ø�ó
ù ü�ý(ò ø�ñ
ø 
$�1ò ÿ���ÿ ü)ý(ò ýKû�÷
g08 ó�ò ó�ú�ñ
÷�ü�ñ ö#ò ö��<õ���
<õ ö1ò ö��<õ���
<õ ö1ò ö��<õ���
<õ
g09 ù
÷�ó�ò ù
ø ù�÷�ó�ò ù�ø�ø ����ö1ò �<ÿ#ô ù�÷
ó�ò ù¡ûKð
g10 û
ó�ý¡ú�ò ü
ñ û�ó�ú�ü�ò ÷�÷�û �(ö���
#ò ��õ$� û
ó
ú¡ñ�ò ù�ð±ó
g11 ó�ò û�ñ ö1ò ��õ ö#ò��(õ ö1ò ��õ
g12 ð
ò ó�ó�ó ô<ò ö<ö�ö ô<ò ö<ö<ö ô<ò ö<ö<ö
g13 ó�ò ó¡ñ�ø�ú�ñ
ó ö#ò ö<õ<õ$�%�#ô ó�ò ó�ñ
÷�ó
ø¡û ó�ò ó�ø
ø¡ñ�ü�ú	&
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Mean solutionsobtainedby our SMESwith two of its mechanismscombined.

Problem Optimal CombinedRecombination& CombinedRecombination& StepsizeReduction&

Diversity Mechanism StepsizeReduction Diversity Mechanism

g01 ï»ð±ñ�ò ó�ó
ó ï»ô�õ#ò ö<ö<ö ï»ô�õ�ò ö�ö<ö ï»ð\ý�ò ð)ü�ñ
g02 ó�ò ÷�ó
ø�ù�ð±ú ó�ò û�û�ñ�÷
ý�ð ö1ò ����������� ó�ò ù�ó
ú¡ü
ü
ø
g03 ð
ò ó�ó�ó ó�ò ÷�ó
÷ ô<ò ö<ö<ö ó�ò ø�ð)ñ
g04 ïþø�ó�ù
ù¡ñKò ñ�ø�ú ïrÿ�ö�����õ#ò õ<ÿ�� ïþø�ó
ù�ù�ð
ò ð±ó�ù ïþø�ó�ù
ø¡ûKò ü
ñ
ø
g05 ñ�ð±ü
ù�ò ý�ú�÷ ñ
ü�ý¡ú�ò ó�÷¡û�& õ#ô�õ��#ò ��ÿ�� ñ
ø
ó�ø�ò ð±û�ñ
g06 ïþù�ú
ù�ð�ò ÷�ð\ý ïþù
ú�ó
ó�ò ü�ý¡û ï�������ô<ò �#ô	� ï������#ô�ò ��ô	�
g07 ü)ý(ò ø�ó
ù ü�ý(ò ñ
ñ
ú 
$�1ò �%��� ü�ù�ò ø¡ü
û
g08 ó�ò ó�ú�ñ
÷�ü�ñ ö#ò ö��<õ���
<õ ö1ò ö��<õ���
<õ ö1ò ö��<õ���
<õ
g09 ù
÷�ó�ò ù
ø ù�÷�ó�ò ù
ý¡ø ����ö1ò �<ÿ�� ù�÷�ð�ò ó
ý�ó
g10 û
ó�ý¡ú�ò ü
ñ û�ù�ó�ñ�ò ó¡û
û ��ô���ÿ#ò ����� û
÷�ü
ø�ò ó�ð)ü
g11 ó�ò û�ñ ó�ò û�ñ)ý ö1ò ��õ�
 ó�ò û
ñ�û
g12 ð
ò ó�ó�ó ô<ò ö<ö�ö ô<ò ö<ö<ö ô<ò ö<ö<ö
g13 ó�ò ó¡ñ�ø�ú�ñ
ó ó�ò ø¡û�ü
ñ
÷�ð ö1ò 
$�'��� ö�� ó�ò ð±ó
÷¡ü
ú
ó	&
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Worst solutionsobtainedby our SMESwith two of its mechanismscombined.

Problem Optimal CombinedRecombination& CombinedRecombination& StepsizeReduction&

Diversity Mechanism StepsizeReduction Diversity Mechanism

g01 ï»ð±ñ�ò ó�ó
ó ï»ô�õ#ò ö<ö<ö ï»ô�õ�ò ö�ö<ö ï»ð�ð
ò ù�ú
ý
g02 ó�ò ÷�ó
ø�ù�ð±ú ó�ò ù
ýKû)ý�ý¡ñ ö1ò ���<õ�
<õ<õ ó�ò ý�ý�ù¡ñ�ù¡ü
g03 ð
ò ó�ó�ó ó�ò ü�ý�ø ö1ò ����� ó�ò ó
÷�÷
g04 ïþø�ó�ù
ù¡ñKò ñ�ø�ú ïrÿ�ö�����õ#ò õ<ÿ�� ïþø�ó
ù
ýKûKò ý¡÷
ý ïþø�ó¡ñ
ü
ø�ò ú
÷
ý
g05 ñ�ð±ü
ù�ò ý�ú�÷ &�ñ
÷¡û
û�ò û�û
ü õ�
�ö#ô<ò �<ÿ<õ ù�ó
ó¡ñ�ò ø
ó¡ñ
g06 ïþù�ú
ù�ð�ò ÷�ð\ý ïþù�ð)û�ø�ò ð±ù�ñ ï�������ô<ò �#ô	� ïþù�ú
ù�ð�ò ÷
ó�÷
g07 ü)ý(ò ø�ó
ù ü�ñ�ò ð\ø�ù 
$�1ò��$��� ø
ó�ò ù�÷�ü
g08 ó�ò ó�ú�ñ
÷�ü�ñ ö#ò ö��<õ���
<õ ö1ò ö��<õ���
<õ ö1ò ö��<õ���
<õ
g09 ù
÷�ó�ò ù
ø ����ö#ò ���$� ����ö1ò ���$� ù�÷�ð�ò û�ü)ý
g10 û
ó�ý¡ú�ò ü
ñ ð\ø�÷�÷
ø�ò ÷
ý�ó ��ÿ����#ò ÿ<ÿ<ÿ ú�ó
ú�ú�ò ü
ü
ú
g11 ó�ò û�ñ ó�ò ÷¡ñ)ý ö1ò ����� ó�ò ú
ó�ú
g12 ð
ò ó�ó�ó ô<ò ö<ö�ö ô<ò ö<ö<ö ô<ò ö<ö<ö
g13 ó�ò ó¡ñ�ø�ú�ñ
ó ð
ò ü
ü
ú
ù¡û
ú�& ö1ò �%����
���� ó�ò ý¡ù
ú�ù�ú
ú	&
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SMES after ü
ó generations.

Problem Optimal Best Mean Median Worst St. Dev.

g01 ï»ð±ñ�ò ó�ó
ó ïrû�ò ü
ú�ð ïrñKò ù
÷�ù ïrñ�ò ù�÷�ñ ïþø�ò ÷�ü
ó ú�ò ó¡ñ E- ð
g02 ó�ò ÷�ó
ø�ù�ð±ú ó�ò ý
ýKü�ù
ý(ð ó�ò ø¡û
ü
ù�÷
ù ó�ò ø�û
ó
ù�ú¡û ó�ò ø�ð±û�ýKñ�ó ü�ò ù¡ñ E- ü
g03 ð
ò ó�ó�ó ó�ò ú
ý�ú ó�ò û�÷¡ñ ó�ò ÷¡ü
û ó�ò ñ
ü
ù ð�ò ð±ø E- ð
g04 ïþø�ó�ù
ù¡ñKò ñ�ø�ú ïþø�ó�ñ
ù
ø�ò ù�ð±ñ ïþø�ó
ý¡û
ø�ò ø�ð±ú ïþø�ó�ý¡ù�ü�ò ó¡ü
û ïþø
ó
ý�ó�ð�ò û
ñ
ù ý�ó�ò ü
ù E+ó
g05 ñ�ð±ü
ù�ò ý�ú�÷ &�ñ
ó�ù�û�ò ÷�ú�û ñ�ü�ð
ð�ò ñ�ð
ð ñKð±ú�ú�ò ú¡û�ý &�ñ
ù�ý¡ø�ò ú�ü
ø ð±ó
ø�ò ü
ù E+ó
g06 ïþù�ú
ù�ð�ò ÷�ð\ý ïþù
÷�ú�ó�ò ð±ù
ý ïþù¡ü
ø�ñ�ò ñ
÷
ú ïþù�ð\÷�÷�ò ü�ó�ø ïrñ�ñ�ñ
ü�ò ø�÷
ù ø¡ûKð�ò ÷�ú E+ó
g07 ü)ý(ò ø�ó
ù ù¡ü�ò ð\ø�ù ð±ø�ñ�ò ú�ù
ú ð±ü�ð�ò ÷
ù�÷ ù�÷�ü�ò ýKñ
ü ð±ó�û�ò û�ü E+ó
g08 ó�ò ó�ú�ñ
÷�ü�ñ ö#ò ö��<õ���
<õ ö1ò ö��<õ���
<õ ö1ò ö���õ���
<õ ó�ò ó�ú�ñ
÷�ð±û ü�ò ó E-ù
g09 ù
÷�ó�ò ù
ø ù
÷�ù�ò ñ�ú¡ü û
ó�ý(ò ø¡ñKð û�ó
ý(ò ø�û�û û�ð\ú�ò ð)ñKð ÷�ò ú�ð E+ó
g10 û
ó�ý¡ú�ò ü
ñ ð±ü�û�û
û�ò ø¡ü)ý ð)û�ý�ó¡ûKò ñ
ñ
ú ð)û
ü
÷�ý(ò ó�÷�ð ü
ñ�û
û�ý(ò ø
ú�÷ ü
ø
ù�÷�ò ñ�ú E+ó
g11 ó�ò û�ñ ö1ò ��õ�ö ó�ò û�÷�ø ó�ò û
ù�ý &�ó�ò ÷
ú¡û ý(ò ó¡û E- ü
g12 ð
ò ó�ó�ó ó�ò ú�ú
ú ó�ò ú
ú�ú ó�ò ú�ú
ú ó�ò ú
ú�ú û�ò ó E-ñ
g13 ó�ò ó¡ñ�ø�ú�ñ
ó &)ó�ò ó�ó�ð±ø
ý�÷ &�ó�ò ó
ó�ú�ó
ø¡ñ &�ó�ò ó�ó
ý�ø�÷
÷ &)ó�ò ó¡ü�ù�ø�ýKñ ÷�ò ýKñ E-ø
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SMESafter ü
ó
ó generations.

Problem Optimal Best Mean Median Worst St. Dev.

g01 ï»ð±ñ�ò ó�ó
ó ï»ð\ý�ò ú�ú�ú ï»ð\ý(ò ú
ù�ó ï»ðYý(ò ú�ú
ú ï»ð±ø�ò ÷�ü
÷ ü�ò ð\ó E- ð
g02 ó�ò ÷�ó
ø�ù�ð±ú ó�ò ÷�ó�ð�ð)ñ�÷ ó�ò û�û�û)ýKñ�÷ ó�ò û
÷�û�ð±ü�ñ ó�ò ù�û
÷�ü
ó�ø ü�ò ý�ø E- ü
g03 ð
ò ó�ó�ó ô�ò ö�ö<ö ó�ò ú�ú
ú ó�ò ú
ú�ú ó�ò ú�÷�û ø�ò û)ý E-ø
g04 ïþø�ó�ù
ù¡ñKò ñ�ø�ú ïrÿ�ö����<õ#ò õ<ÿ�� ïþø
ó�ù�ù�ñ�ò ñ
ø�ð ïþø�ó�ù
ù¡ñKò ñ�ø�ù ïþø�ó
ù�ù�ñ�ò ýKû�ø ð�ò ø�ñ E- ü
g05 ñ�ð±ü
ù�ò ý�ú�÷ ñ�ð)ü�ù�ò ú�÷
÷ ñKð)û�ú�ò ð±ù
ø ñ�ð\ù¡ü�ò ø�ü
ø ñ�ø¡û
ú�ò ü�ü�û ù�ø�ò ñ E+ó
g06 ïþù�ú
ù�ð�ò ÷�ð\ý ïþù�ú�ù�ð�ò ÷�ó
÷ ïþù
ú¡ñ�ú�ò ú�ð\ó ïþù�ú
ù�ð�ò ù�ü�ý ïþù
ú�ø�÷�ò ù�ú�ó ý(ò ø�ú E+ó
g07 ü)ý(ò ø�ó
ù ü�ý�ò ýKû
ø ü�ý�ò û�ø
ý ü)ý(ò û�ð
ð ü�ñ�ò ý�ó�ð ü�ò ð±ñ E- ð
g08 ó�ò ó�ú�ñ
÷�ü�ñ ö1ò ö��<õ���
�õ ö#ò ö��<õ���
<õ ö1ò ö��<õ���
<õ ö#ò ö��<õ���
<õ ó
g09 ù
÷�ó�ò ù
ø ù�÷
ó�ò ù
ý�ø ù�÷�ó�ò ù�÷�ó ù�÷
ó�ò ù�÷
ó ù
÷�ó�ò û�ø�ù ü�ò ý�ø E- ü
g10 û
ó�ý¡ú�ò ü
ñ û
ó¡û�ù�ò û�ü
ñ û�ø�ø
ó�ò ø�ú
÷ û
ø�ð±ú�ò ý�ó¡ñ û�÷�ð±ù�ò ÷�ø�ó ð±ñ
ø�ò û
ü E+ó
g11 ó�ò û�ñ ö1ò ��õ ö1ò ��õ ö1ò ��õ ó�ò û
ù ø�ò ó�û E-ø
g12 ð
ò ó�ó�ó ô�ò ö�ö<ö ô<ò ö<ö�ö ô<ò ö<ö<ö ô<ò ö<ö<ö ó
g13 ó�ò ó¡ñ�ø�ú�ñ
ó &)ó�ò ó
ý�ð\ý�ø�ù ó�ò ð\ýKñ�ó�ù
ú &�ó�ò ó�ýKñ�û�ù�ù ó�ò ø
÷¡ûKð)ñ�ü ð�ò ñ�ø E- ð
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