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Abstract

In this paperwe proposeanalgorithmbasedon a modelof the immune

systemto handleconstraintsof all types(linear, nonlinear, equalityandin-

equality)in a geneticalgorithmusedfor globaloptimization.Theapproach

is implementedbothin serialandparallelforms,andit is validatedusingsev-

eral testfunctionstakenfrom thespecializedliterature.Our resultsindicate

that the proposedapproachis highly competitive with respectto penalty-

basedtechniquesand with respectto other constraint-handlingtechniques

whichareconsiderablymorecomplex to implement.

Keywords: artificial immunesystem,geneticalgorithms,globaloptimization,par-

allel geneticalgorithms.

1 Intr oduction

Despitethe successof geneticalgorithms(GAs) asoptimizationtechniques[21,

2], they are really an unconstrainedsearchtechnique. Therefore,an additional

mechanismis requiredto incorporateconstraintsof any type (linear, nonlinear,

equality, inequality)into thefitnessfunction.�
Correspondingauthor
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In recentyears,a numberof constraint-handling techniqueshave beenpro-

posed,someof which are very sophisticated[37, 6]. From thosetechniques,

penaltyfunctionsremainasthemostpopularchoicefor practitioners[40]. How-

ever, theperformanceof apenaltyfunctiondependsonthetypeof functionadopted

andon thevaluesdefinedfor its parameters(namely, thepenaltyfactor).

In this paper, we proposeandvalidatean alternative approachto incorporate

constraintsinto thefitnessfunctionof a GA. Theproposedapproachincorporates

an emulationof the immunesystemandusesgenotypic-baseddistancesto move

from theinfeasibleto thefeasibleregion of a problem.Both a serialandaparallel

versionof thealgorithmarepresentedin this paper. Theparallelversionis com-

paredto its sequentialcounterpartto evaluatetheperformancegainsobtainedand

thedifferencesin theresultsproduced(becauseof thetypeof paradigmadoptedto

parallelizeour algorithm,it wasexpectedthat the resultsof both versionswould

differ). Our preliminary resultsindicatethat the algorithm remainsas a highly

competitive approach(in termsof quality of theresultsproduced)with respectto

contemporaryconstraint-handlingtechniques.Additionally, theparallelizationof

thealgorithmseemsto provide remarkableincreasesin performancewith respect

to thesequentialversion(in somecases,muchhigherthanexpected).
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2 ProblemStatement

Theproblemthatis of interestto usis thegeneralnonlinearprogrammingproblem

in whichwewantto:

Find
�� whichoptimizes

��� ���� (1)

subjectto:

	�
 � ����
����������������������� (2)��� � �� �!�"���$#%�����������&�(' (3)

where
�� is the vectorof solutions

��)�+* �-,.���0/��������.���013254 , � is the numberof in-

equality constraintsand ' is the numberof equality constraints(in both cases,

constraintscouldbelinearor nonlinear).

3 The Immune System

Themain target of our immunesystemis to protectthebody againstharmful or-

ganisms(calledantigens).This functionis performedby lymphocyte cells(B and

T cellsmainly). The immunesystemis ableto detecta hugenumberof antigens

(about ��� ,76 different types)usinga fairly limited repertory(the humangenome
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containsonly ���98 genes).To carryout this recognitiontask,segmentsof genesare

combinedto accomplishthespecificityof almostall theinvaderantigensknown.

A self-recognitiontaskkeepstheimmunesystemfrom attackingitself, because

immunecellsarecapableof recognizingthemselves. Also, uponrepeatedexposi-

tions to a certainantigen,the immunesystemdevelopsmoreeffective andfaster

responsesover time.

From an informationprocessingperspective, the immunesystemcanbe seen

asa parallelanddistributedadaptive system[19]. It is capableof learning,it has

memoryandis ableof associative informationretrieval in recognitionandclassi-

fication tasks. Particularly, it learnsto recognizepatterns,it rememberspatterns

that it hasbeenshown in thepastandits globalbehavior is anemergentproperty

of many local interactions[11]. All thesefeaturesof theimmunesystemprovide,

in consequence,greatrobustness,fault tolerance,dynamismandadaptability[18].

Theseare the preciselythe propertiesof the immunesystemthat mainly attract

researchersto try to emulateit in acomputer.

Farmeret al. [16] werethefirst to suggesta way of representingthe immune

systemin a computer. In their model,bothantigensanddetectorsarerepresented

asstringsof symbolsin a small alphabet,andthe interactionsamongthe strings

representmolecularbonds.Recentexamplesof thismodelcanbeseenin thework

of Detours& Perelson[15].
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Thereare somemodelswithin the areaof the artificial immunesystemon

which mostof the currentwork is based,someof themare: a negativeselection

algorithm [17], a positiveselectionalgorithm [44], a clonal selectionalgorithm

[13], continuousimmunenetworkmodels[28, 16, 49] anddiscrete immunenet-

work models[14, 48].

Our algorithmis basedon a modelin which bothantigensandantibodiesare

representedby binarystringsanda matchingrule is usedto estimate“similarity”

betweenanantigenandanantibody. Thismodelis basedon thework of Forrestet

al. [17].

4 Handling Constraints with Evolutionary Algorithms

Despitethe wide variety of constraint-handlingtechniquesthat have beendevel-

opedfor evolutionaryalgorithms(see[6, 37]), penaltyfunctionsremainasthemost

popularconstraint-handling techniqueamongpractitioners[40]. The ideabehind

penalty-basedmethodsis to transforma constrainedoptimizationprobleminto an

uncontrainedoneby adding(or subtracting)a certainvalueto/from theobjective

functionbasedon theamountof constraintviolationpresentin acertainsolution.

In classicaloptimization,two kindsof penaltyfunctionsareconsidered:exte-

rior andinterior. In the caseof exterior methods,we startwith an infeasibleso-

lution andfrom therewe move towardsthefeasibleregion. In thecaseof interior
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methods,thepenaltytermis chosensuchthatits valuewill besmallatpointsaway

from theconstraintboundariesandwill tendto infinity astheconstraintboundaries

areapproached.Then,if we startfrom a feasiblepoint, thesubsequentpointsgen-

eratedwill alwayslie within thefeasibleregionsincetheconstraintboundariesact

asbarriersduringtheoptimizationprocess[39].

The mostcommonmethodusedwith evolutionaryalgorithmsis the exterior

penaltyapproachandtherefore,we will concentrateour discussiononly on such

technique.Themainreasonwhy mostresearchersin theevolutionarycomputation

community tend to chooseexterior penaltiesis becausethey do not requirean

initial feasiblesolution. This sort of requirement(an initial feasiblesolution) is

preciselythemaindrawbackof interior penalties.This is animportantdrawback,

sincein many of theapplicationsfor which evolutionaryalgorithmsareintended

theproblemof finding a feasiblesolutionis itself NP-hard[46].

Thegeneralformulationof theexteriorpenaltyfunctionis:

: � �� ��� ��� �� �<; =>@?A 
CB , D 
�EGFH
JI KA� B ,ML � EON �QPR (4)

where
: � �� � is thenew (expanded)objective function to beoptimized, FH
 and N �

are functionsof the constraints	�
 � ���� and
��� � �� � , respectively, and D 
 and L � are

positive constantsnormallycalled“penaltyfactors”.

Themostcommonform of FS
 and N � is:
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FH
-� max* ���T	U
 � ��<�72CV (5)

N � �XW �Y� � �� ��W Z (6)

where[ and \ arenormally1 or 2.

Ideally, thepenaltyshouldbekeptaslow aspossible,justabovethelimit below

which infeasiblesolutionsareoptimal (this is called, the minimumpenaltyrule

[12, 41, 47]). Thisisdueto thefactthatif thepenaltyis toohighor toolow, thenthe

problemmight becomevery difficult for anevolutionaryalgorithm[12, 41, 42]. If

thepenaltyis toohighandtheoptimumliesat theboundaryof thefeasibleregion,

theevolutionaryalgorithmwill bepushedinsidethe feasibleregion very quickly,

andwill notbeableto movebacktowardstheboundarywith theinfeasibleregion.

A largepenaltydiscouragestheexplorationof theinfeasibleregion sincethevery

beginningof thesearchprocess.If, for examplethereareseveraldisjoint feasible

regionsin thesearchspace,theevolutionaryalgorithmwould tendto move to one

of them,andwould not be ableto move to a different feasibleregion unlessthe

disjoint feasibleregionsarevery closefrom eachother.

On the otherhand,if the penaltyis too light, then the algorithmwill not be

able to reachthe feasibleregion, andall of the searcheffort will be spenteval-

uating infeasiblesolutions[46]. Theseissuesarevery importantin evolutionary
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optimization,becausemany of theproblemsin which evolutionaryalgorithmsare

usedhave theiroptimumlying on theboundaryof thefeasibleregion [45, 47].

Theminimumpenaltyrule is conceptuallysimple,but it is notnecessarilyeasy

to implement. The reasonis that the exact locationof the boundarybetweenthe

feasibleand infeasibleregions is unknown in many of the problemsfor which

evolutionaryalgorithmsare intended(e.g., in many casesthe constraintsarenot

givenin algebraicform, but aretheoutcomegeneratedby asimulator[7]).

Penaltyfunctionscandealboth with equalityandinequalityconstraints,and

thenormalapproachis to transformanequalityto aninequalityof theform:

W �Y� � �� ��W�]_^`�a� (7)

where ^ is the toleranceallowed (a very small value). Sincewe will be compar-

ing theapproachproposedin this paperwith respectto severalpenalty-basedap-

proaches,we will proceedto review the techniquesadoptedin our study in the

remainderof this section.

4.1 Static Penalties

In thispaper, wewill implementthestaticpenaltyapproachproposedby Homaifar,

Lai andQi [27]. In this techniquetheuserdefinesseveral levelsof violation, and
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a penaltycoefficient is chosenfor eachin sucha way that thepenaltycoefficient

increasesaswereachhigherlevelsof violation. Thisapproachstartswith arandom

populationof individuals(feasibleor infeasible).

An individual is evaluatedusing[36]:

fitness
� ����!� ��� ��b�<IdcA 
CB ,`e7fSg&h 
 E max * ���T	�
 � ����72 /.i (8)

where fHg�h 
 arethepenaltycoefficientsused,j is total thenumberof constraints

(Homaifar et al. [27] transformedequalityconstraintsinto inequalityconstraints),��� ���� is the unpenalizedobjective function, and k �l���nmo�������U�qp , where p is the

numberof levels of violation definedby theuser. The ideaof this approachis to

balanceindividual constraintsseparatelyby defininga differentsetof factorsfor

eachof themthroughtheapplicationof asetof deterministicrules.

4.2 Dynamic Penalties

Dynamicpenaltiesarethosethatdependon pastsearchexperience,onecommon

way of which is to incrementwith generationor iteration.

In this paper, we will implementthe dynamicpenaltyapproachproposedby

JoinesandHouck[29]. In thisproposal,individualsareevaluated(atgenerationr )
using(weassumeminimization):
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fitness
� �� �!� ��� �� � I �ts E r �vuwE�x!y sz� [ � ���� (9)

where
s

, { and [ areconstantsdefinedby the user(the authorsused
s �|���~} ,{ ��� or m , and [ ��� or m ), and x!y sz� [ � �� � is definedas[29]:

x�y s�� [ � ����!� ?A 
CB ,<� V
 � ����<I KA� B ,M� � � ��<� (10)

and

� 
 � ����!� ���� ���
� 	U
 � ��������W 	�
 � �� ��W otherwise

���a����� (11)

� � � ������ ���� ���
� ]�^�� �Y� � �������^W ��� � �����W otherwise

���_#���' (12)

This dynamicfunction increasesthe penaltyaswe progressthroughgenera-

tions.

4.3 Annealing Penalties

Michalewicz andAttia [34] considereda methodbasedon the ideaof simulated

annealing[31]: thepenaltycoefficientsarechangedoncein many generations(af-

ter thealgorithmhasbeentrappedin a localoptimum).Only activeconstraintsare
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consideredat eachiteration,andthepenaltyis increasedover time (i.e., the tem-

peraturedecreasesover time)sothatinfeasibleindividualsareheavily penalizedin

thelastgenerations.

The methodof Michalewicz and Attia [34] requiresthat constraintsare di-

vided into four groups: linear equalities,linear inequalities,nonlinearequalities

andnonlinearinequalities. Also, a setof active constraints� hasto be created,

andall nonlinearequalitiestogetherwith all violatednonlinearinequalitieshave to

beincludedthere.Thepopulationis evolvedusing[35]:

fitness
� ��<��� ��� ���� I �m�� A
���� : /
 � ���� (13)

where � is thecoolingschedule[31],

: 
 � ������ ���� ���
max* ���T	�
 � ����72 if ���������W � 
 � �� ��W if �$I"������� j (14)

and j is thetotalnumberof constraints.

At eachiteration,thetemperature� is decreasedandthenew populationis cre-

atedusingthebestsolutionfoundin thepreviousiterationasthestartingpoint for

thenext iteration. Theprocessstopswhena pre-definedfinal ‘freezing’ tempera-

ture �.� is reached.
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4.4 Adaptive Penalties

BeanandHadj-Alouane[3, 23] developeda methodthat usesa penaltyfunction

which takesa feedbackfrom thesearchprocess.Eachindividual is evaluatedby

theformula:

fitness
� ����!� ��� ���� Ia� � r � =>w?A 
CB , 	 /
 � �� �<I KA� B , W � �Y� ��<��W PR (15)

where � � r � is updatedat every generationr in thefollowing way:

� � r I"�&�!� �������� �������
� �&� [ , ����� � r �Q� if case� �[ / ��� � r �Q� if case� m� � r �Q� otherwise� (16)

wherecases#1 and #2 denotesituationswherethe bestindividual in the last k
generationswas always (case#1) or was never (case#2) feasible, [ , � [ /)� � ,[ ,�� [ / , and [ ,$�� [ / (to avoid cycling). In otherwords,thepenaltycomponent� � r I��&� for thegenerationr I�� is decreasedif all thebestindividualsin thelastk generationswerefeasibleor is increasedif they wereall infeasible.If thereare

somefeasibleand infeasibleindividuals tied as bestin the population,then the

penaltydoesnot change.

SmithandTate[47] proposedanotheradaptive penaltyapproachlater refined
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by Coit andSmith[9] andCoit etal. [10] in which themagnitudeof thepenaltyis

dynamicallymodifiedaccordingto thefitnessof thebestsolutionfoundsofar. An

individual is evaluatedusingtheformula(only inequalityconstraintswereconsid-

eredin thiswork):

fitness
� ��<��� ��� ���� I �(� �.�¡ 3¢ 
5£¥¤ ��] �   ¤¦¤ � ?A 
CB ,�§ 	U
 � ����¨�©�ª � r �U« g (17)

where
� ���v Q¢ 
5£¥¤ � is thebestknown objective functionatgenerationr , �   ¤~¤ is the

best(unpenalized)overall objective functionat generationr , 	U
 � ���� is theamount

by which theconstraint� is violated, k is a constantthatadjuststhe “severity” of

the penalty(a valueof k �¬m hasbeenpreviously suggestedby Coit andSmith

[9]), and
¨�©Sª

is theso-calledNearFeasibilityThreshold, which is definedasthe

thresholddistancefrom the feasibleregion at which theuserwould considerthat

thesearchis “reasonably”closeto thefeasibleregion [37, 20].

4.5 Death penalty

Therejectionof infeasibleindividuals(alsocalled“deathpenalty”)is probablythe

easiestway to handleconstraintsandit is alsocomputationallyefficient, because

whenacertainsolutionviolatesaconstraint,it is assignedafitnessof zero.There-

fore,no furthercalculationsarenecessaryto estimatethedegreeof infeasibilityof

sucha solution. Note, however, that whenusingthis sort of approachthe initial
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populationmay“stagnate”whenno feasibleindividualsarepresentand,in conse-

quence,thesearchspacewouldberandomlysampledin suchcase.

5 The ProposedApproach

The main goal of the researchreportedin this paperwas to explore alternative

constraint-handling schemesfor geneticalgorithmsusedin globaloptimization.In

thepast,wehaveexploredtheuseof penaltyfunctionsin engineeringoptimization

(seefor example[7]). However, this previous work indicateda high correlation

betweenperformanceof the geneticalgorithmandthe fine-tuningof its penalty

factors.Additionally, animportantissuefor uswasnot to increasein animportant

way, the numberof fitnessfunctionevaluations(aswhenusing,for example,the

coevolutionarypenaltiesproposedin [5], whichdonotrequireamanualfine-tuning

of thepenaltyfactors,but whosecomputationalcostis extremellyhigh).

Thepreviousrequirementsledusto thedevelopmentof theapproachproposed

in this paper. In the proposedapproach,we usethe searchengineof the genetic

algorithmto conductthesearchtowardstheglobaloptimum.However, thegenetic

algorithmis hybridizedwith a schemeinspiredon anartificial immunemodel(as

in [25]), whichactsasalocalsearchmechanismthathelpsthegeneticalgorithmto

reachthefeasibleregionin amoreefficientway. Sincethislocalsearchmechanism

is basedonly on similaritiesbetweenchromosomicstrings,no additionalevalua-
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tionsof thefitnessfunctionarerequired.Thus,we keepa low computationalcost

for theapproach,whichwasoneof its maindesigngoals.

The proposedalgorithm emulatesthe invadersrecognitionprocessby com-

bining antibodies’librariesin orderto attainantigenspecificity. Furthermore,the

purposeis to learnto identify theproperantibodies.Thesearchprocessof ourap-

proachis led by a geneticalgorithm.Thus,whatwe proposeis a schemein which

a simpleemulationof anartificial immunesystemis embeddedinto a genetical-

gorithm. Notehowever that thecomputationalcomplexity of theapproachis not

really ­ � ¨ / � , becausetheinternalscheme(i.e.,theartificial immunesystem)does

notevaluatetheoriginalfitnessfunctionof theproblemaswewill seelateron(see

Figure1). This internalscheme(which is indeedanothergeneticalgorithm)guides

its searchbasedonstringsimilaritiesandnotonobjective functionvalues.

In the remainderof this paper, we presenta serial and a parallel versionof

a geneticalgorithm in which constraintsare handledthroughemulationsof the

immunesystem. We also compareour resultswith respectto other constraint-

handlingtechniquesusingseveral test functionstraditionally adoptedin the spe-

cializedliterature.We concludewith a discussionof theresultsobtainedandwith

somepossiblepathsof futureresearch.
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6 A Serial Versionof the ProposedAlgorithm

Our serialalgorithmversionto handleconstraintsusinga immunesystemis de-

scribedbelow (seeFigure1):

1. Generaterandomlyaninitial populationfor thegeneticalgorithm.

BEGIN innerGA

2. If theinitial populationcontainsamixtureof feasibleandinfeasibleindivid-

uals,thenwe divide thepopulationin two groups.Thefirst groupcontains

theinfeasibleindividuals,whicharedenominated“antibodies”,andthesec-

ondcontainsthefeasibleindividuals,whicharecalled“antigens”.

3. If noneof the individuals in the initial populationis feasible,thenwe use

themagnitudeof constraintviolation of eachindividual asits fitness.Then,

we usethebestindividual in thepopulationasthe “antigen”, where“best”

refersto theindividual with thelowestamountof constraintviolation.

4. Selectrandomlyasampleof antibodiesof size ® .

5. Thefitnessof thesampleof antibodiesis computedaccordingto their simi-

larity with asetof antigensin thefollowing way:
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¯ An antigenis randomlyselectedfrom theantigenspopulation.¯ Eachantibodyin thesampleis comparedagainsttheantigenselected,

andwe computethe result of the comparison,to which we will call°
(matchingmagnitude).

°
representsa distance(normally but not

necessarilyEuclidean)measuredat thegenotypelevel (i.e.,at thelevel

of thechromosomicencoding).
°

is computedusing:

° � ±A 
CB , r 
 (18)

where r 
 �²� if thereis a matchingat position �`�³�����������qN ( N is the

lengthof the chromosome),or zero if thereis no match. A large
°

valuemeansa high matchingbetweenthe two stringscomparedand,

therefore,ahigh fitnessvalue.

6. Basedon the fitnesscomputedin theprevious step,thepopulationof anti-

bodiesis reproducedin a traditionalgeneticalgorithm(usingcrossover and

mutation).

7. The processis repeatedfrom the fourth stepuntil convergence(e.g.,when

themeanandthemaximumfitnessin thepopulationarepracticallythesame)

or until we reachamaximumnumberof iterations.

8. Individualsarereturnedto theexternalGA andwe proceedin theconven-
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tionalway.

END innerGA

9. Apply binarytournamentselection(with theobjective functionof theprob-

lem)usingspecialrules(asdescribedbelow).

10. Apply crossover andmutationin aconventionalway.

11. Theprocessis repeatedfrom step2 until reachingstoppingcondition.

The binary tournamentusedin step9 is definedin the following way (two

individualsarecomparedeachtime):¯ If oneindividual is infeasibleandtheotheroneis feasible,thenthefeasible

individual wins.¯ If bothindividualsarefeasible,thentheonewith thehighestfitnessvalueis

thewinner.¯ If bothindividualsareinfeasible,thenthewinner is theonewith thelowest

constraintviolationvalue.

Thereareafew issuesthatneedto bementioned.First,asweindicatedbefore,

theapproachis really usinga GA embeddedinsideanotherGA usedto optimize
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a certainfunction. However, theGA that is run with theemulationof theimmune

systemdoesnot usethefitnessfunctiondirectly; it only computesHammingdis-

tances,whichareveryinexpensivewith respectto evaluatingtheobjective function

of the problem. Also, the implicit premiseof the techniqueis that,undercertain

conditions,the reductionof genotypicdifferencesbetweentwo individuals will

produce,asa consequence,a phenotypicsimilarity, which, in our case,will make

that an infeasibleindividual approachesthe feasibleregion. Our algorithmis an

extensionof theproposalof Hajela& Lee[24, 25].

To clarify the way in which our approachworks, we provide next both, the

internalandtheexternalGA’sadopted:

Inter nal GA

Step1: Initialize thefitnessof all antibodiesto zero.

Step2: Computethefitnessof theantibodypoolbasedonsimilarity to theantin-

gens(or basedon complementarity);this requiresthe following specific

steps:

(a) An antigenis selectedat random.

(b) A sampleof antibodiesof size ´ is selectedfrom the antibodypool

20



without replacement.

(c) The matchscoreof eachantibodyis computedby comparingagainst

the selectedantigen,and the antibodywith the highestscorehasthe

matchscoreaddedto its fitnessvalue;thefitnessof theotherantibodies

is unchanged.

(d) The antibodiesare thenreturnedto the antibodypopulation,and the

processis repeatedanumberof times(typically two or threetimesthe

antibodypopulationsize).

Step3: Basedon thefitnesscomputedin Step2, a GA simulationis conducted

with prescribedprobabilitiesof crossover andmutationto evolve the anti-

bodypopulationthroughonegenerationof evolution.

Step 4: The processis thenrepeatedfrom Step1 until convergencein theanti-

bodypopulationis attained.

External GA:

Step1: A populationof designsis randomlygenerated.

Step2: Thefitnessfunction,a compositeof theobjective functionanda penalty

associatedwith constraintviolation, is obtainedfor theentirepopulation.
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Step3: Memberswithin thetop3%of thepopulationobtainedattheendof Step2

aredesignatedasantigens,andtheentirepopulation(includingtheantigens)

is definedasthestartingpopulationof antibodies.

Step4: Usingandantibodysamplesizé smallerthanthenumberof antigens,the

degreeof match
°

is obtainedfor eachmemberof thepopulationaccording

to thestepsdescribedbefore.

Step5: Thematchscoreaf eachdesignis usedasafitnessmeasurein atraditional

selectionor reproductionoperation.During this reproductionoperation,the

sizeof thepopulationis unchanged.

Step6: Thecrossover andmutationoperationsareperformedonthenew popula-

tion of antibodiesformedin Step5.

Step7: Theprocessis thenrepeatedfrom Step2 with an intentof evolving the

populationto maximizethe
°

functionandcycledto convergence.

Notethattheproposedapproachis designedto operateonly on binarystrings.

Although we know that the binary alphabetcan be usedto encodeany type of

decisionvariables[26], it maybeusefulin somecasesto usealternative encodings

[43]. Shouldthatbethecase,theproposedapproachis notdirectlyapplicable,and

its generalizationto alphabetsof highercardinality(e.g.,real-numbersencoding)

remainsasanopenresearcharea.
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At this point, it is importantto clarify themainweaknessesthatwe identified

in Hajela’salgorithm[25] andthatledusto developthealgorithmproposedherein:

¯ Hajela’s approachrequiresapenaltyfunctionin orderto sortthepopulation

andassigntheantigens.Thismakesnecessaryto evaluatetwicetheobjective

functionof theproblem(perindividual)ateachgenerationof theexternalge-

neticalgorithm.Thismaybecomeconsiderablyexpensive (computationally

speaking)when dealingwith real-world applications. In contrast,our ap-

proachonly evaluatesoncethe objective function (for eachindividual) per

generation,sincewe do not usea penaltyfunction. We relatethevaluesof

theantigensto theconstraintviolation of eachsolution.This keepsusfrom

evaluatingthefitnessfunctionmorethanonceandmakesunnecessaryto sort

thepopulation.¯ In Hajela’sapproach,thecomputationof thefitness
°

in theinternalgenetic

algorithmis performedthroughacycle in whichthepopulationof antibodies

mustbe traversedseveral times. In our case,we compute
°

in the internal

geneticalgorithmby performinga singletraversalof theantibodies.¯ The approachof Hajela& Lee [24] is only validatedwith a few engineer-

ing optimizationproblems,andno informationaboutits computationalcost

is provided. In our case,we have usedsomebenchmarksreportedin the
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evolutionarycomputationliterature[37] andwe have comparedour results

againsta highly competitive constraint-handlingtechniquewhich is repre-

sentative of thestate-of-the-artin thearea(thehomomorphousmaps[32]).

Sinceit mayseemthatthechangesintroducedin ouralgorithmdonotmakean

importantdifferencein termsof performance,we decidedto includean example

in which we directly comparetheresultsproducedby Hajela’s algorithm[25] and

ourown (seeSection8.1).

7 Examples

Weusedsometestfunctionsof thewell-known benchmarkof Michalewicz [37] to

validateour approach.This benchmarkhasbeenextensively usedto validatenew

constraint-handling techniquesbecauseit includesconstraintsof different types

(linear, nonlinear, equality and inequality) and functionsof different degreesof

difficulty. We chosesomeof the test functionsof the benchmarkthat combine

thepreviously indicatedfeaturesandthatareknown to beparticularlydifficult for

evolutionaryalgorithms.

1. Example1:

Minimize: ��� ������µ}·¶A 
CB , �J
 ]¸}·¶A 
CB , � /
 ] ,7¹A 
CB 8 �J
 (19)
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subjectto:

	 , � ����º� mU� , I�mU� / I»� ,7¼ I»� ,�, ]������a�	 / � ����º� mU� , I�mU� ¹ I»� ,7¼ I»� ,7/ ]������a�	 ¹ � ����º� mU� / I�mU� ¹ I»� ,�, I»� ,7/ ]������a�	 ¶ � ����º� ]�½U� , I»� ,7¼ ���	 8 � ����º� ]�½U� / I»� ,�, ���	96 � ����º� ]�½U�0¹�I»�-,7/����	¿¾ � ����º� ]�mU� ¶ ]À� 8 I»� ,7¼ �a�	9Á � ����º� ]�mU� 6 ]À��¾�I»� ,�, �a�	9Â � ����º� ]�mU�0ÁÃ]À�bÂ!I»� ,7/ �a�
where ���Ä�J
Å�Æ� ( �`�·���������&�nÇ ), �È�É�J
`�Ê���9� ( �`�·�����.�9���.�.m ) and �È�� ,7¹ �|� . The global minimum is at

�� � � � ���.���.���.���.���.���.���.���&���3Ëo�QËo�nË��.���
wheresix constraintsareactive ( 	o,.�T	�/��T	9¹��T	 ¾ �T	 Á and 	 Â ) and

��� �� � � =-15.

2. Example2:
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Minimize:

��� �� ����}o�~Ë9}¿Ì�½9}UÍ�Ì�� /¹ IÎ���~½9Ë9}9Ï9½9Ç��Ð� , � 8 I�Ë¿Ì��~m9Ç9Ë9m9Ë9ÇU� , ]ÀÍ¿�YÌ�Ç9mo�C�ÐÍM�
subjectto:

	 , � ����!�µ½9}o�~Ë9ËUÍ9Í¿�YÌHI����Ñ�9�¿}9Ï9½9}9½U� / � 8 IÎ���Ñ�9�9�¿Ï9m9Ï9mU� , � ¶ ]¸���Ñ�9�¿m9m��¿}9ËU� ¹ � 8 ]¸Ç9mÒ���	 / � �������]�½9}o�~Ë9ËUÍ9Í¿�YÌ�]Ó���Ñ�9�¿}9Ï9½9}9½U� / � 8 ]Ó���Ñ�9�9�¿Ï9m9Ï9mU� , � ¶ IÎ���Ñ�9�¿m9m��¿}9ËU� ¹ � 8 ���	 ¹ � �������½����~}��.mUÍYÇ�I»���Ñ�9�YÌo�.Ë��&Ì�� / � 8 IÎ���Ñ�9�¿m9Ç9Ç9}9}U� , � / IÎ���Ñ�9�¿m��.½��.ËU� /¹ ]��9�������	 ¶ � �������]�½����~}��.mUÍYÇ�]Ó���Ñ�9�YÌo�.Ë��&Ì��0/�� 8 ]Ó���Ñ�9�¿m9Ç9Ç9}9}U�-,3�b/Ã]À���Ñ�9�¿m��.½��.ËU� /¹ I�Ç��z���	 8 � ����!�µÇo�~Ë��9�¿Ç9Ï��ÃI����Ñ�9��Í�ÌU�¿m9ÏU� ¹ � 8 IÎ���Ñ�9�Ô�.m9}UÍ�Ì�� , � ¹ I����Ñ�9�Ô�.Ç��¿½9}U� ¹ � ¶ ]¸m9}Ò���	 6 � �� ����]ÅÇo�~Ë��9�¿Ç9Ï��H]¸���Ñ�9��Í�ÌU�¿m9ÏU� ¹ � 8 ]Ó���Ñ�9�Ô�.m9}UÍ�Ì�� , � ¹ ]¸���Ñ�9�Ô�.Ç��¿½9}U� ¹ � ¶ I�m��z���
where: Ì�½Ò�a� , �µ���¿m , Ë9ËÒ��� / ��ÍY} , m¿Ì%���0
���ÍY} � ����Ëo��ÍÔ�n}¿� .
Theglobaloptimumof thisproblemis locatedat

�� � � � Ì�½o�nË9Ëo�nm9Ço�~Ç9Ç9}9m9}9Ïo�qÍY}��nËYÏo�¦Ì¿Ì�}¿½��&m¿�
where

��� �� � ����]ÅË��¿Ï9Ï9}o�~}9Ë9Ç . Two constraintsareactive at theoptimum: 	 ,
and 	 6 .

3. Example3:

26



Minimize: ��� ����� � � , ]a���Y� ¹ I � � / ]¸m��Y� ¹ (20)

subjectto:

	 , � � �Õ� ] � � , ]¸}¿� / ] � � / ]¸}¿� / I"���9�z���	 / � � �Õ� � � , ]¸Ï¿� / I � � / ]Ó}¿� / ]¸½9mo�~½��Ö���
where �.ËÎ�×�<,O�Ø���9� y ���Ê�0/��Ø���9� . The global optimumis located

at
�� � � � �ÐÍÔ�Ñ�¿Ç9}o�q���~½UÍYm9Ç9Ï¿� , where

��� �� � ���Ù]ÅÏ9Ç9Ï����~½��.Ë9½9½ . Both constraints

areactive at theoptimum.

4. Example4:

Minimize:

��� �� ��� � � , ]a���Y� / I�} � � / ]a�.m¿� / I»� ¶¹ I�Ë � � ¶ ]a�9�&� /I%����� 68 I�Ì�� /6 I_� ¶¾ ]ÀÍ9� 6 �b¾�]a����� 6 ]¸½U�b¾
subjectto:
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	 , � �� �!��]��.m¿Ì�]¸mU� / , I�ËU� ¶/ I»� ¹ IÎÍ9� /¶ I�}U� 8 �a�	 / � �� �!��]�m9½9mÅIaÌ�� , I�ËU� / I"����� /¹ I_� ¶ ]À� 8 �a�	9¹ � �������]��.Ç9ÏÅI�m9ËU�-,�I»� // IaÏU� /6 ]¸½U� ¾ �a�	 ¶ � ��<���ÚÍ9� / , I»� // ]¸ËU�<,q�b/!I�mU� /¹ I�}U�b6Ã]a�9�Ð� ¾ �a�
where ]Ö���|�l�J
a� ��� for ( ��� ���������&�QÌ ). The optimum solution is�� � = (2.330499,1.951372,-0.4775414,4.365726,-0.6244870,1.038131,

1.594227)where
��� �� � � = 680.6300573.Two constraintsareactive ( 	 , and	 ¶ ).

5. Example5

Maximize:

��� �� ��� �tÛ ��� ? ?Ü
CB , �J


subjectto:
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� , � �� �!� ?A 
CB , � /
 ]a���"�

where �µ�+��� and �Î�Ê� 
 �¬� � �Ý�Þ�����5�5�5����� . The global maximumis at� �
 ���&� Û � � �ß�������5�5�5����� where
��� � � ����� .

Additionally, we chosetwo engineeringoptimization problemsthat have

beenusedin thespecializedliterature.

6. Example6 : Designof a Pressure Vessel

This problemwasproposedby KannanandKramer[30]. A cylindrical ves-

sel is cappedat both endsby hemisphericalheadsas shown in Figure 2.

The objective is to minimize the total cost, including the costof the mate-

rial, forming andwelding. Therearefour designvariables:
ª ¢ (thicknessof

theshell),
ª à

(thicknessof thehead),f (inner radius)and N (lengthof the

cylindrical sectionof thevessel,not including thehead).
ª ¢ and

ª�à
arein-

tegermultiplesof 0.0625inch,which aretheavailablethicknessesof rolled

steelplates,and f and N arecontinuous.Usingthesamenotationgivenby

KannanandKramer[30], theproblemcanbestatedasfollows:
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Minimize :

© � ����!�����~Ï9m9mUÍ9� , � ¹ � ¶ I"���¦Ì9Ì�½��Ð� / � /¹ I�Ëo�C�.Ï9Ï��Ð� / , � ¶ I"�.Ço�~½UÍ9� / , � ¹ (21)

Subjectto : 	o, � ����!��]Ã�<,�IÎ���Ñ�Ô�.Ç9ËU�b¹Ö�a� (22)

	 / � �� �!��]Ã� / I����Ñ�9�¿Ç9}UÍ9� ¹ �a� (23)

	 ¹ � �� �!��]`á�� /¹ � ¶ ] Í Ë á�� ¹¹ I����nm9Ç9Ïo�q�9�9�@��� (24)

	 ¶ � ����!�Ú� ¶ ]ÓmUÍ¿���a� (25)

7. Example7 : Designof a SpeedReducer

This problemwasproposedby Golinski [22]. We want to designthespeed

reducershown in Figure3.

Minimize:

��� � ���"���¦Ì�½9}UÍ9� / , � // � Ëo�~Ë9Ë9Ë9ËU� /¹ IÚ�ÐÍÔ�~Ç9Ë9ËUÍ9� ¹ I»ÍYËo�Ñ�¿Ç9ËUÍ���]a���~}��¿½U� , � � /6 I»� /¾ �I�Ì��âÍ�Ì9Ì9Ì � � ¹6 I»� ¹¾ �<I����¦Ì�½9}UÍ � � ¶ � /6 I»� 8 � / ¾ � (26)

subjectto:
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/ ¾ã�ä¥ã&åå ã.æ ]a���a�¹ Âq¾Qç 8ã�ä¥ã åå ã åæ ]a���a�, ç Â ¹ ã æèã å ã.ævã èé ]a���a�, ç Â ¹ ã æ êã å ã.ævã è ë ]a���a�ì í ¾ ¶ 8 ã èqî í ã å ã.æ�ïðï å�ñ ,76 ç Â ã ,7¼ évò äôó å,�,7¼ ç ¼ ã æé ]a�����ì í ¾ ¶ 8 ã ê�î í ã å ã.æ�ïðï å ñ , 8 ¾Qç 8 ã ,7¼ é ò äôó åÁ 8 ç ¼ ã æ ë ]a�����ã å ã.æ¶ ¼ ]a���a�8 ã åã�ä ]a�����ã�ä,7/ ã å ]a�����, ç 8 ã é ñ , ç Âã è ]a�����, ç , ã ë ñ , ç Âã ê ]a�����
where mo�~ÏG���-,%��Ëo�~Ï , ���¦Ì��É�0/@�É���~½ , �&Ì��É�0¹���m9½ , Ì��~ËG�É� ¶ ��½o�~Ë ,Ì��~½Ò�a� 8 ��½o�~Ë , mo�~Ç���� 6 ��Ëo�~Ç and }o�Ñ�z����¾S��}o�~}

8 Comparisonof Results

Tohaveabetterideaof thedegreeof difficulty of eachof thetestfunctionsselected,

we computedthemetric õ , suggestedby Koziel & Michalewicz [32] to determine

how difficult is to reachthe feasibleregion of a certainconstrainedoptimization
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problem. We determinedõ �zW © WÃ��WÃxØW experimentally, by generatingone

million randompointsin thesearchspaceö anddeterminingwhetheror not they

lied or notwithin thefeasibleregion ÷ .

Table1 shows the valuesof õ obtainedfor eachof the test functionschosen

to validateour approach.In Table1, � refersto the numberof variables,N�ø are

thelinearinequalities,̈ ø arethenonlinearinequalitiesand
¨Gù

arethenonlinear

equalities.

In all the experimentsreportedwith the serial versionof the algorithm, our

geneticalgorithm usedbinary representation,binary tournamentselection,two-

point crossover (crossover rate of 0.8), and uniform mutation(mutationrate of

0.05). We useda populationsizeof 30 individualsandranour geneticalgorithm

for 5000generations.The numberof internalcyclesof our algorithmwassetto

15. Note that the numberof internalcyclesrefersto the numberof iterationsto

beperformedby our artificial immunesystemthatusesHammingdistancesasits

fitnesscriterion.

In orderto beableto assesstheimpactof theparametersof ourapproachonits

performance,we performedan analysisof variance(ANOVA). Theexperimental

designis describednext.

The parameters(or independentvariables)consideredfor this study are the

following:
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1. Numberof generationsof theinternalgeneticalgorithm.

2. Populationsize.

3. Mutationrate.

4. Sizeof theantibodiessample(called ® ).

5. Typeof crossover.

The role of the dependentvariableis taken from the resultobtainedwith the

algorithm.For ourstudy, thevaluesor levelsthateachvariablecouldtakewere,in

eachcase,thefollowing:

¯ For thenumberof generationsof theinternalgeneticalgorithm,we defined

two levels: ú�û or ü0ý .¯ For thepopulationsize,we definedtwo levels: üJý or þJý .¯ For themutationrate,wedefinedthethreefollowing levels:

1. 2� (lengthof thechromosomicstring)

2. Dynamic variation, starting in 0.4 and finishing in 1� (length of the

chromosomicstring) for both geneticalgorithms(internalandexter-

nal).
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3. Dynamic variation, starting in 0.4 and finishing in 1� (length of the

chromosomicstring) for theexternalgeneticalgorithm. Themutation

ratefor theinternalgeneticalgorithmremainsfixedin 1� (lengthof the

chromosomicstring).

¯ For thesizeof thesample® , we definedtwo levels: (a) take ALL theinfea-

sibleindividuals,and(b) take only HALF of theinfeasibleindividuals.¯ For the type of crossover, we definedthreelevels: (a) one-pointcrossover,

(b) two-pointcrossover, and(c) uniformcrossover.

Weperformed30 independentexperiments(i.e., runs)for eachcombinationof

levelsof eachvariable,usingdifferentrandomseedsin eachcase.Thestudywas

conductedon theserialversionof ouralgorithm.

From the resultsobtainedby ANOVA, we could concludethat the mutation

ratehasthemostsignificantimpacton theperformanceof thealgorithm.Thepop-

ulation sizeandthe type of crossover occupy both a secondplacein importance

regardingtheir impacton performance.Additionally, we foundout that thenum-

berof generationsof the internalgeneticalgorithmandthesizeof theantibodies

sample( ® ) did nothave asignificanteffecton theperformanceof thealgorithm.

In all the examplesreportedin this paper, we useda valueof ® of onethird

of the numberof antigensin the population. Two otherchoicesof ® werealso
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tried (e.g.,weused® equalsto thenumberof antibodiesor thenumberof antigens

dependingon thenumberof feasibleindividualsin thepopulation).However, our

experimentsindicatedthat theperformanceof thealgorithmwasnot significantly

affectedby thechoiceof eitherof thesevaluesof ® .

For the testfunctionschosen,we comparedour resultsagainstthehomomor-

phousmappingsof Koziel & Michalewicz (KM) [32] which is one of the best

constraint-handling techniqueknown to date. The resultsreportedby Koziel &

Michalewicz [32] for eachof the examplespreviously describedwere obtained

afterperforming ÌU�zEÈm��9�9�9�Ò������Í¿�9���q�9�9� fitnessfunctionevaluations.Ouralgo-

rithm, in contrast,performedonly Ë��@E�}��9�9�O�²�.}����q�9�9� fitnessfunctionevalua-

tions.1

Sincepenaltyfunctionscontinueto beaverypopularconstraint-handling tech-

nique in the currentevolutionaryoptimizationliterature,we decidedto compare

alsoour resultsagainstfive differentpenalty-basedapproachescoupledto a ge-

neticalgorithm.Thetechniquesselectedwerethefollowing:

¯ Staticpenalty[27] (seeSection4.1).¯ Dynamicpenalty[29] (seeSection4.2).

1Note that we areonly countingobjective function evaluations,sincewe considerthe cost of
computingHammingdistances(i.e., the fitnessfunction of the immunesystemembeddedin our
geneticalgorithm)asnegligible with respectto thecostof computinganevaluationof theobjective
functionof a problem.
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¯ Annealingpenalty[34] (seeSection4.3).¯ Adaptive penalty[3, 23] (seeSection4.4).¯ Deathpenalty(seeSection4.5).

Thefive penalty-basedapproachespreviously indicatedabove arerepresenta-

tive of thetechniquesmostcommonlyusedin thestandardliteratureonevolution-

aryoptimization.All thepenalty-basedapproachesusedthefollowing parameters:

populationsize= 30, maximumnumberof generations= 5000,crossover rate=

0.8, andmutationrate= 0.05. Therefore,all the penalty-basedapproachesper-

formed also �.}����q�9�9� fitnessfunction evaluationsandusedthe sameparameters

that the serial versionof our technique. We performed30 runsper methodper

function.

8.1 Example 1

The comparisonof resultsfor the first exampleareshown in Tables2 and3. It

can be clearly seenin this casethat noneof the penalty-basedapproacheswas

able to converge to the vicinity of the global optimum. Note that our approach

had a slightly poorerperformancethan the homomorphousmapsof Koziel and

Michalewicz. However, ourapproachbehavedmuchbetterthanany penalty-based

techniqueandits resultsareon theoptimum. In Table4, we comparethe results
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producedby our algorithm with respectto the resultsobtainedusing Hajela et

al.’s algorithm[25]. It canbe clearly seenthat the performanceof our approach

is significantlybetterthanthatof Hajela’s algorithm,which alwaysconvergedfar

away from theglobaloptimum.

8.2 Example 2

Thecomparisonof resultsfor thesecondexampleareshown in Tables5 and6. In

thiscase,ourserialimplementationgeneratesresultsverysimilarto thoseproduced

by the homomorphousmapsof Koziel andMichalewicz. Note alsothat the best

resultproducedby our algorithmis slightly betterthanthebestresultfoundusing

thehomomorphousmaps.Thepenalty-basedapproachesdobetterin thiscase(this

is mainlydueto thehighervalueof õ shown in Table1). Nevertheless,noneof the

penalty-basedapproacheswasableto reachtheglobaloptimum.

8.3 Example 3

Thecomparisonof resultsfor thethird exampleareshown in Tables7 and8. In this

case,our serial implementationoutperformedall the otherapproaches,including

thehomomorphousmaps.Our techniquewasableto converge consistentlyto the

optimum (or very closeto it) in this case. Note againthe difficulties of all the

penalty-basedtechniquesto reachtheglobaloptimumof thisproblem.
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8.4 Example 4

The comparisonof resultsfor the fourth exampleareshown in Tables9 and10.

Theserialversionof our techniqueoutperformedoncemoreall thepenalty-based

approachesin thisexample.Also, its resultsarevery similar to thosegeneratedby

thehomomorphousmapsof KozielandMichalewicz.

8.5 Example 5

Tables11 and12 show the resultsobtainedby our approachwith respectto the

differentpenalty-basedtechniquesimplementedandfor thehomomorphousmaps

technique.For thisexample,it is difficult for mostapproachesto reachthefeasible

region. Sincethe equality constraintis handledas an inequality, a toleranceis

required.In ourcase,we used;%��EÓ���oÿ ¹ for all theapproachescompared.

Note that both deathanddynamicpenaltiesfail to find any feasiblesolution.

Static,annealingandadaptive techniquesmanagedto find feasiblesolutions,but

suchsolutionsarefarawayfromtheoptimumvalue.In contrast,bothouralgorithm

andthehomomorphousmapswereableto consistentlyreachtheoptimumsolution

(or avery goodapproximationof it) in all cases.
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8.6 Example 6

Tables13and14show theresultsobtainedby ourapproachwith respectto thedif-

ferentpenalty-basedtechniquesimplemented(noresultsonthisexampleareavail-

ablefor thehomomorphousmaps). It canbe clearly seenthatour approachpro-

ducesbetternumericalresults(with respectto all thestatisticalmeasuresadopted)

thanany of thepenalty-basedtechniques(i.e.,theaveragebehavior of ourapproach

is betterthanthatof theotheralgorithmscompared).Thedecisionvariablescor-

respondingto the bestsolution found is:
��µ���&���~½��.m9}��9���q���âÍYË¿Ì¿}��¿����Í�mo�~�¿½¿Ï9Ç9Ç9Í ,�&Ì�Ïo�¦Ì9Ì�Ç��.m9½�� , with

��� �� �@� Ï��¿Ï����C�.m9m9Ç . In this example,we also comparedre-

sults with respectto the Socio-Behavioral Approach(SB) proposedin [1]. SB

is a swarm-like basedapproachproposedto solve engineeringoptimizationprob-

lems. The authorssimulatesocietiesthat conforma civilization. In eachsociety

thereis a leaderwhich is followed by the othermembersof its society. Besides

thesesocieties,thereis a leaders’societythat groupsthe leadersof eachsociety.

They arecalled“generalleaders”.Constraintsarehandledby rankingthesolutions

basedonnondominancecheckingsinsidetheircorrespondingsociety. Theauthors

alsoadopta specialoperatorthat allows individuals to be assignedvaluesdiffer-

ent from thoseof the leaderor thesolutionselectedfrom thesociety. This canbe

seenasan individual that is not following its leader. The main advantageof SB

is that it requiresa low numberof evaluationsof theobjective function to obtain
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a reasonablygoodresultwhich is normally not the optimum. Its main drawback

is that the implementationis quite complicated.Besidesthis, the computational

costincreasesbecauseof therankingprocessandtheclusteringalgorithmthatthe

approachrequiresto initialize thesocieties.

In Table14,wecanseethatourapproachwasableto obtainbetterresultsthan

SB, but it is worth noting that SB usedlessfitnessfunction evaluationsthanour

approach(SBused12,630fitnessfunctionevaluations,whereasourapproachused

150,000asin thepreviousexamples).

8.7 Example 7

Tables15 and16 show the resultsobtainedby our approachwith respectto the

different penalty-basedtechniquesimplemented(no resultson this exampleare

availablefor the homomorphousmaps). It canbe clearly seenthat our approach

producesbetterresults(with respectto all the statisticalmeasuresadopted)than

any of thepenalty-basedtechniques.Thedecisionvariablescorrespondingto the

bestsolutionfoundis:
�� ����Ëo�~}��9�9�9�9���q���¦ÌU�9�¿�9�9�M�.��Ì��Ñ�¿�9�¿�9�¿���ÐÌ��~Ë9�9�¿�9�Y½o��Ì��¦Ìo�.}9Ë9m9m ,Ëo�~Ë9}��¿m��.}o�n}o�~m9½9Ï9Ï¿}9}�� , with

��� ��b�!��m9Ç9ÇUÍÔ�~ËUÍM�.Ç . In thisexample,wealsocompared

resultswith respectto the Socio-Behavioral Approach(SB) proposedin [1]. In

Table16,wecanseethatourapproachwasableto obtainbetterresultsthanSB,but

it is worth notingthatSB usedlessfitnessfunctionevaluationsthanour approach
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(SB used19,154fitnessfunctionevaluations,whereasour approachused150,000

asin thepreviousexamples).

Summarizing,we can concludethat all the penalty-basedtechniquesimple-

mentedhaddifficulties to reachthe vicinity of the global optimumin all the test

functionschosen.Noneof thepenalty-basedapproacheswasableto converge(not

evenoncein the30 runsperformedwith eachof thetechniques)to theglobalop-

timum. Regardingthefirst setof testfunctions,theserialversionof our algorithm

producedvery competitive resultswhile performingonly about1/10thof the fit-

nessfunction evaluationsrequiredby the homomourphousmaps. Regardingthe

two engineeringoptimizationproblems,our approachwasableto outperformall

theother(penalty)techniqueswith respectto which it wascompared.

9 A Parallel Versionof the ProposedAlgorithm

Wealsodevelopedaparallelimplementationof ourapproach.Theapproachadopted

is a multi-populationGA (or coarse-grainedGA). Thealgorithmis describedbe-

low:

1. Determinethenumberof processorsavailableandmake it equalto thenum-

berof demescreated.

2. Determinethesizeof eachdeme( � ) dividing thepopulationsizeof theorig-
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inal (i.e.,sequential)GA by thetotalnumberof demes.

3. For eachdeme,follow steps1–11from thealgorithmprovidedin Section6.

4. If theepochwascompleted,then:

(a) Copy the union of the best individual of the demeplus D randomly

selectedindividualsto adifferentdemeat eachiteration.

(b) Receive D Ia� migratingindividualsthatareto replaceD Ia� randomly

selectedindividualswithin thedeme.

5. Repeatfrom (3) until reachingconvergence.

Theparallelizationof thealgorithmtook placeapplyinga multiple-population

or multiple-demegeneticalgorithm[38]. The approachconsistson several sub-

populations(calleddemes)thatexchangeindividualsoccasionally. This exchange

of individualsis calledmigration.Theparametersthatcontrol themigrationmust

bedefinedby theuser, asto determinethenumberandsizeof thedemes,frequency

of migration(epoch),numberanddestinationof migrants,andtheway by which

themigrantsareselected.

On our algorithmwe useda distributedmemoryusingMPI (MessagePassing

Interface). The populationis divided in asmany demesasprocessorsareavail-

able.Eachdemeevolvesindependentlyfrom theothersexchangingindividualsat
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regularintervals.Thetotalnumberof fitnessfunctionevaluationsperformed(con-

sideringonly objective functionevaluations)is exactly thesamein thiscaseasfor

theserialversion(150,000).

Sincethedemeshavea lowernumberof individualsthatthepopulationsizeof

thesequentialGA, thenthenumberof iterationsrequiredfor theinternalcycle(see

Figure1) of theimmunesystemis proportionallyreducedaccordingto its size.

9.1 Experimental Setup

Theefficiency of a parallelalgorithmtendsto bemeasuredin termsof its correct-

nessandits speedup.Thespeedup( x�� ) of an algorithmis obtainedby dividing

theprocessingtime of thebestserialalgorithm(
ª ¢ ) by theprocessingtime of the

parallelversion(
ª K )2 [33]:

x	�Ä� ª ¢ª K (27)

To obtainthebestserialalgorithm,we performeda setof experimentsto de-

terminetheminimumparametersrequiredby our algorithmto operatereasonably

well [38]. Fromtheseexperiments,wedeterminedthefollowing parametersfor the

sequentialversionof our algorithm3: populationsize= 30, maximumnumberof

2This expressionassumesidenticalprocessorsandidentical input sizes(i.e., numberof fitness
functionevaluationsin ourcase).

3Theparametersindicatedhereinwerethesameadoptedfor theexperimentsperformedwith the
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generations= 5000,mutationrate= 0.05,crossover rate= 0.8,numberof internal

GA cycles= 15. Thevalueof ® wasdefinedby dividing thenumberof infeasible

individualsin thecurrentpopulationby two. If therewerethreeor lessinfeasible

individualsin thecurrentpopulation,thenall of themwereconsideredasthevalue

of ® . Additionally, we usedbinarytournamentselectionandtwo-pointcrossover.

Theparallelimplementationusedthefollowing parameters:numberof demes

= numberof processorsavailable(between2 and4), demesize= total population

size(30) divided by the numberof processorsavailable4, epochsize= 500 gen-

erations,migrationrate= 0.25(this migrationrateindicatesthepercentageof the

populationthatmustbemigrated).Themigrationpolicy adoptedwasthefollow-

ing: we selectthebestindividual within a demeto bemigratedplusanadditional

setof individualsrandomlyselectedfrom thesamedeme.Thecandidatesfor re-

placementwithin eachdemearealsorandomlyselected.Thetopologyadoptedis

a diamondin which migrationis allowedto onedifferentdemeat a time (seeFig-

ure4). Finally, thenumberof internalcyclesin theparallelversionis obtainedby

dividing thenumberof cyclesusedin thesequentialalgorithm(15)by thenumber

of processors.

In orderto experimentwith differentevolutionarycharacteristics,we decided

to usedifferentsetupsin eachdeme(thesesetupswererandomlydetermined)for

serialversionof thealgorithmreportedin Section8.
4Whenthis resultis notaninteger, we applytheceiling operatorto make it anintegervalue.
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thefollowing parameters:mutationrate,crossover rate,typeof selection(roulette-

wheel,stochasticremainderwith andwithout replacement,binarytournamentand

stochasticuniversalsampling),typeof crossover (one-point,two-point,uniform).

Table17shows theresultsproducedby thesequentialversionof ouralgorithm

and threeversionsof the parallelizedalgorithm for the first example.5 Eachof

thesethreeparallelversionsonly differ in thenumberof processorsemployed. In

this case,theparallelversionsimprove the resultsproducedby the serialversion

of algorithm(they practicallyachieve theoptimumon average),but with a higher

performancevariability (i.e., a higherstandarddeviation). Notethat in this exam-

ple, andall the following, a considerablespeedupis achieved asmoreprocessors

areused.

Table18showstheresultsfor thesecondexample.Theparallelversionsof our

algorithmmaintainsimilar resultsthantheserialversionbut with a lowerstandard

deviation. Notehowever, thatthereis aslightdecreasein performancewhenusing

threeprocessors.

Table19 shows theresultsfor the third example. In this example,theparallel

versionsobtainedslightly inferior resultsthanthe serialversionof the algorithm

andpresenteda higherstandarddeviation. However, the differencesarenot sig-

nificant. In this case,the performanceconsistentlydecreasesas the numberof

5Only the comparisonof the serialandthe parallelversionsof the algorithmarereportedhere
sincetheresultsproducedby theothertechniqueshave beenalreadyreportedin Section8.
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processorincreases.

Table20 shows the resultsfor the fourth example. In this case,the parallel

versionsobtainedsimilar resultsthantheserialversionof our algorithmbut with

a higher standarddeviation. Thus, the parallel versionshowed a slightly lower

robustnessthanthe serialversion. As in the previous example,the performance

consistentlydecreasesasthenumberof processorincreases.

Note that the fifth examplewasnot solved usingthe parallelversionsof our

algorithm. Table 21 shows the resultsfor the sixth example. In this case,the

parallelversionsof our algorithmwereable to improve both the averageresults

andthestandarddeviationof theresults.Thebestperformancewasobtainedusing

threeprocessors.

Finally, Table22 shows the resultsfor the seventhexample. In this case,the

parallelversionsobtainedsimilar resultsthanthe serialversionof our algorithm

but with ahigherstandarddeviation. Thedifferences,however, arenot significant.

A final commentmust be maderegardingthe speedupsachieved by our al-

gorithm. Sincewe useddifferentselectionoperatorsanddifferentcrossover and

mutationrates,weexpectedthattheparallelversionof ouralgorithmwouldbehave

differently. However, the remarkablespeedupsachieved arerelatedto the reduc-

tion of the maximumnumberof generationsof the internalgeneticalgorithmof

eachdeme(seeSection9).
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Therefore,thecomputationof thespeedupmaybesomewhatmisleading.Al-

thoughotherevolutionarycomputationresearchershavereportedsuperlinearspeed-

upswhenusingevolutionaryalgorithms(seefor example[4]) mainlyproducedby

increasedselectionpressureof migration,thespeedupsobtainedin our caseseem

excessive. This behavior may be explainedby the extra diversity introducedin

the demesasan effect of the diverseselectionschemesandcrossover andmuta-

tion ratesintroduced.In any case,this issuedeservesfurtherstudyusingparallel

processingmethodologiesandis partof our currentrersearch.

10 Conclusionsand Futur eWork

We have presentedan approachthat incorporatesconstraintsinto a geneticalgo-

rithm usingan emulationof the immunesystem. Two versionsof the proposed

algorithmwerepresentedin this paper:a serialversionanda parallelversionthat

usesislands.

Both versionsof the proposedapproachseemto be competitive with respect

to several penalty-basedapproachesand one techniquethat is representative of

the state-of-the-artin evolutionary constrainedoptimization. While noneof the

penalty-basedapproacheswasableto reachtheglobaloptimum(or evenits vicin-

ity in somecases),our approach(in all of its variants)producedreasonablygood

resultsand even improved in somecasesthe solutionsfound by the homomor-
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phousmapsof KozielandMichalewicz [32] ata fractionof its computationalcost.

Whereasthehomomorphousmapsperformed����Í¿�9���q�9�9� fitnessfunctionevalua-

tions per run, our approachonly performed �.}����q�9�9� fitnessfunction evaluations

per run (in both versionsof the algorithm). Furthermore,our parallel versions

producedimportantspeedups(in onetestfunction,they performedup to 20 times

fasterthantheserialversion)while producingsimilar results.Althoughmorecare-

ful studiesarerequiredto explain suchspeedups,theresultsreportedhereinseem

to indicatethatouralgorithmhighly benefitsfrom ademe-basedimplementation.

Someof the future work currentlyunderway involves the designandimple-

mentationof an algorithm basedon the immunesystemto solve multiobjective

optimizationproblems[8]. We arealsointerestedin generalizingour approachto

alphabetsof highercardinality. Finally, we arealsoexploring othermodelsof the

immunesystemandwe areinterestedin analyzingtheconvergencepropertiesof

thealgorithmproposedin thispaper.
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Figure4: Figure that illustratesthe topologyandmigrationpoliciesadoptedby
theparallelversionof our algorithmassuming4 processors.In (a) we canseethe
possibleinterconnectionsamongdemes.In (b), (c) and(d) we canseethemigra-
tion possibilitiesfor eachdeme.Notehow thesemigrationpossibilitieschangeat
eachepoch(anepochin ourexperiments,comprised500generations).Thearrows
indicatetheonly availabledirectionsof migrationfor individualsin eachdeme.
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TestFunction n Typeof
� õ LI NI NE

1 13 quadratic 0.0111% 9 0 0
2 5 quadratic 52.1230% 0 6 0
3 2 cubic 0.0066% 0 2 0
4 7 polynomial 0.5121% 0 4 0
5 10 polynomial 0.0000% 0 0 1
6 4 nonlinear 0.41% 3 3 0
7 11 nonlinear 0.00097% 0 11 0

Table1: Computationof õ for the test functionsselected.The valueof õ is ex-
pressedasa percentage(i.e., in a 0.0–100.0scale).LI = LinearInequalities,NI =
NonlinearInequalities,NE = NonlinearEqualities
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Results This paper death static dynamic
penalty penalty [27] penalty [29]

Best -15.0 -3.89599 -4.967788 -5.899826
Mean -15.0 -3.124349 -3.393627 -3.569680
Worst -15.0 -2.320083 -2.108043 -2.158655

Std.dev. 0.0 0.439053 0.786642 0.833536

Table 2: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thefirst example(PART I).
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Results This paper annealing adaptive KM
penalty [34] penalty [3, 23] [32]

Best -15.0 -7.343341 -5.165591 -14.7864
Mean -15.0 -5.071362 -3.640049 -14.7082
Worst -15.0 -3.595369 -2.725182 -14.6154

Std.dev. 0.0 0.772477 0.606248 N.A.

Table 3: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thefirst example(PART II). N.A. = Not Avail-
able.
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Results This paper Hajela’s proposal
Best -15.0 -5.2735
Mean -15.0 -3.7435
Worst -15.0 -2.4255

Std.dev. 0.0 0.9696

Table4: Comparisonof theserialversionof our algorithmagainstHajela’s algo-
rithm [25] in thefirst example.
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Results This paper death static dynamic
penalty penalty [27] penalty [29]

Best -30665.51 -30577.244692 -30575.86282 -30543.47755
Mean -30654.98 -30395.486786 -30403.878656 -30405.47011
Worst -30517.44 -30273.8398 -30294.503128 -30198.05763

Std.dev. 32.67 70.3136 64.191724 94.0364

Table 5: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thesecondexample(PART I).
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Results This paper annealing adaptive KM
penalty [34] penalty [3, 23] [32]

Best -30665.51 -30568.309514 -30560.36108 -30664.5
Mean -30654.98 -30436.946918 -30397.402836 -30655.3
Worst -30517.44 -30230.415178 -30255.372464 -30645.9

Std.dev. 32.67 84.105812 73.803218 N.A.

Table 6: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor the secondexample (PART II). N.A. = Not
Available.
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Results This paper death static dynamic
penalty penalty [27] penalty [29]

Best -6961.7608 -6725.090596 -6752.130219 -6579.364885
Mean -6961.2733 -5902.52151 -6083.905938 -5930.376403
Worst -6960.6070 -3323.330807 -4755.210341 -3930.299682

Std.dev. 0.3598 806.966677 447.8283 560.355338

Table 7: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thethird example(PART I).
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Results This paper annealing adaptive KM
penalty [34] penalty [3, 23] [32]

Best -6961.7608 -6839.393708 -6272.710459 -6952.21
Mean -6961.2733 -5986.068897 -5558.644717 -6342.6
Worst -6960.6070 -4647.529779 -3347.866131 -5473.9

Std.dev. 0.3598 550.853075 2337.080599 N.A.

Table 8: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thethird example(PART II). N.A. = Not Avail-
able.
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Results This paper death static dynamic
penalty penalty [27] penalty [29]

Best 680.9599 815.023589 781.885832 848.901462
Mean 681.6192 1393.874298 1338.497435 1210.549585
Worst 683.7651 2970.694653 2147.804876 1909.872525

Std.dev. 0.7733 480.734897 313.489052 225.436343

Table 9: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thefourthexample(PART I).
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Results This paper annealing adaptive KM
penalty [34] penalty [3, 23] [32]

Best 680.9599 897.711272 867.491057 680.91
Mean 681.6192 1381.541513 1269.355295 681.16
Worst 683.7651 2148.620678 2008.210163 683.13

Std.dev. 0.7733 308.032119 303.472942 N.A.

Table 10: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thefourthexample(PART II). N.A. = NotAvail-
able.
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Results This paper death static dynamic
penalty penalty [27] penalty [29]

Best 1.0046 N.F. 0.4508 N.F.
Mean 1.0031 N.F. 0.2359 N.F.
Worst 0.9987 N.F. 0.0105 N.F.

Std.dev. 0.0016 - 0.1678 -

Table 11: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thefifth example(PART I). N.F. meansthatthe
approachconvergedto aninfeasiblesolution.
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Results This paper annealing adaptive KM
penalty [34] penalty [3, 23] [32]

Best 1.0046 0.6611 0.7050 0.9997
Mean 1.0031 0.3176 0.3828 0.9989
Worst 0.9987 0.0798 0.0018 0.9978

Std.dev. 0.0016 0.1538 0.2497 N.A.

Table 12: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thefifth example(PART II). N.A. = Not Avail-
able.
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Results This paper death static dynamic
penalty penalty [27] penalty [29]

Best 6061.1229 6480.86 6295.11 6273.28
Mean 6734.0848 8266.67 8098.03 8092.87
Worst 7368.0602 10895.09 9528.07 10382.10

Std.dev. 457.9959 1091.10 831.69 1017.99

Table 13: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thesixth example(PART I).
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Results This paper annealing adaptive
penalty [34] penalty [3, 23] SB [1]

Best 6061.1229 6572.62 6303.50 6171.00
Mean 6734.0848 8164.56 8065.66 6335.05
Worst 7368.0602 9580.51 10569.65 6453.65

Std.dev. 457.9959 789.65 821.30 N.A.

Table 14: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor thesixthexample(PART II). N.A. = Not Avail-
able.
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Results This paper death static dynamic
penalty penalty [27] penalty [29]

Best 2994.3419 3031.9063 3030.6446 3025.7400
Mean 2994.3472 3135.4040 3159.1310 3194.5500
Worst 2994.3768 3359.7894 3502.4819 4544.7992

Std.dev. 0.00768 78.95751 101.4993 266.2394

Table 15: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor theseventhexample(PART I).
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Results This paper annealing adaptive
penalty [34] penalty [3, 23] SB [1]

Best 2994.3419 3021.4178 3035.2213 3008.0800
Mean 2994.3472 3135.1270 3181.2120 3012.1200
Worst 2994.3768 3848.0370 4401.2518 3028.2800

Std.dev. 0.00768 142.6810 239.2461 N.A.

Table 16: Comparisonof the serial version of our algorithm againstseveral
constraint-handling techniquesfor the seventh example(PART II). N.A. = Not
Available.
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Serial 2 P 3 P 4 P
SP=5.11 SP=10.71 SP=20.17

Mean -15.0 -14.7773 -14.5922 -14.8201
Best -15.0 -14.9995 -14.9995 -14.9978

Worst -15.0 -12.9892 -11.8787 -12.9930
Std.Dev. 0.0 0.5103 0.8797 0.4830

Table17: Comparisonof resultsbetweentheserialversionof our algorithmand
threesetupsof theparallelversionfor thefirst example.P indicatesthenumberof
processorsusedandSPrefersto thespeedupachieved.

78



Serial 2 P 3 P 4 P
SP=1.92 SP=4.5 SP=8.87

Mean -30654.98 -30662.32 -30648.86 -30657.03
Best -30665.51 -30665.00 -30664.19 -30664.62

Worst -30517.44 -30652.21 -30604.85 -30634.81
Std.Dev. 32.67 2.99 18.05 8.96

Table18: Comparisonof resultsbetweentheserialversionof our algorithmand
threesetupsof theparallelversionfor thesecondexample.P indicatesthenumber
of processorsusedandSPrefersto thespeedupachieved.
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Serial 2 P 3 P 4 P
SP=1.37 SP=2.56 SP=3.9

Mean -6961.2733 -6961.3423 -6960.0504 -6959.6613
Best -6961.7608 -6961.7596 -6961.4539 -6961.4072

Worst -6960.6070 -6958.6652 -6958.4271 -6956.7837
Std.Dev. 0.3598 0.6695 0.8767 1.5567

Table19: Comparisonof resultsbetweentheserialversionof our algorithmand
threesetupsof theparallelversionfor the third example. P indicatesthenumber
of processorsusedandSPrefersto thespeedupachieved.
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Serial 2 P 3 P 4 P
SP=2.85 SP=5.8 SP=13.48

Mean 681.6192 681.6655 682.5332 682.5125
Best 680.9599 680.7499 680.9414 681.2212

Worst 683.7651 683.2584 687.1950 686.8906
Std.Dev. 0.7733 0.6910 1.8856 1.2949

Table20: Comparisonof resultsbetweentheserialversionof our algorithmand
threesetupsof theparallelversionfor thefourth example.P indicatesthenumber
of processorsusedandSPrefersto thespeedupachieved.

81



Serial 2 P 3 P 4 P
SP=1.75 SP=3.82 SP=6.27

Mean 6734.0848 6465.3608 6233.5345 6247.7907
Best 6061.1229 6091.5154 6062.652563 6060.6444

Worst 7368.0602 7334.6122 6785.2204 6830.5782
Std.Dev. 457.9959 345.32922 186.0586 203.4138

Table21: Comparisonof resultsbetweentheserialversionof our algorithmand
threesetupsof theparallelversionfor thesixth example. P indicatesthenumber
of processorsusedandSPrefersto thespeedupachieved.
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Serial 2 P 3 P 4 P
SP=1.18 SP=3.07 SP=6.75

Mean 2994.3472 2994.3596 2994.4153 2994.3878
Best 2994.3419 2994.3442 2994.3477 2994.3498

Worst 2994.3768 2994.4006 2994.5375 2994.4796
Std.Dev. 0.00768 0.01425 0.05692 0.03113

Table22: Comparisonof resultsbetweentheserialversionof our algorithmand
threesetupsof theparallelversionfor theseventhexample.P indicatesthenumber
of processorsusedandSPrefersto thespeedupachieved.
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