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Abstract

Thispaperintroducesthecircuit designproblemasasynthesisprocedure.An evolutionary
techniquedenominatedGeneticProgrammingis proposedasthemainenginefor thesynthesis
of logic circuits. The paperarguesthat the synthesisof circuits usingbottom-upprocedures
(suchasGeneticProgramming)is at leastaspowerful asany top-down method,andthatthis is
possibleby meansof thereplicationof asingleelement:thebinarymultiplexer. Theproperties
of this device aredescribedasa soundbasisfor the synthesisof logic circuits usingGenetic
Programming.Severalcircuitsaresynthesizedandcontrastedagainsttwo designmethods:the
standardimplementationof logic functionsusing multiplexers,and orderedbinary decision
diagrams.

Keywords: logic synthesis,computer-aideddesign,optimization,evolvablehardware,geneticpro-
gramming,artificial intelligence.

1 INTRODUCTION

Automateddesignin any domainis a taskconsideredquite difficult to achieve with a computer,
particularly if involves humandecisionsthat do not seemto follow a well-definedpattern. The
synthesisof logic circuits is oneof thesedesignproblemsthat is difficult to automate.In previous
work wehavedevelopedanapproachbasedonageneticalgorithm(GA) to optimizecombinational
circuits at the gatelevel [9, 10]. In the aforementionedwork, the designmetric adoptedwasthe



numberof gatesof a circuit, so thatour goalwasto producefully functionalcircuits that required
thesmallestpossiblenumberof gates(chosenfrom acertainsetdefinedby theuser).

However, theuseof thismetricmaynotberealisticin VLSI systemsdesignwheretheemphasis
is to decreasethewholemanufacturingcostratherthanreducingthe total numberof components
used[11]. It is common,therefore,to replicatethesameunit asmany timesaspossible,despitethe
fact that this may leadto circuitswith a larger numberof gates.Furthermore,in this domain,the
silicon surfaceneededto implementany logical componentis anothervery importantfactor that
deservesconsideration,andour previouswork hadnot consideredeitherof theseissues.Addition-
ally, we wereawareof thestrongbiasimposedby thematrix representationthatwe have usedin
thepastto designcombinationalcircuits [8, 10] andwantedto addressthis issueaswell. For this
article,thecircuit designproblemis restatedin suchawaythattheissuespreviouslymentionedare
takeninto account.

This paperemphasizesthe importanceof replicationby allowing the useof only onedevice:
the multiplexer1 with

�
-control line. Then,we restatethe problemso that the goal is the genera-

tion of fully functionalcircuits in which the total numberof multiplexersusedis minimum. The
representationalbiasissuementionedbeforeis addressedby adoptingthetreeencodingtechnique
usedin geneticprogramming[2]. Theunderlyinghypothesisof themethodologyintroducedby the
paperis thatthereplicationof simpleandelementarybinarymultiplexersis asoundprocessfor the
synthesisof logic functions.

The organizationof this paperis the following: Section2 describessomeprevious related
work. Section3 statesthe problemof interestin a more detailedform. Sections4, 5, 6, and
7 aredevoted to the introductionof a methodologybasedon geneticprogrammingto synthesize
logic functionsusing multiplexers. Sections8 and 9 presenta variety of examplestaken from
the technicalliterature. To validatethe approachcircuits arecomparedin two ways: one is the
comparisonof thenumberof muxesfound in theminimizedcircuitsagainstthenumberof muxes
neededby thestandardimplementation.Theothercomparisonis againsta popularlogic synthesis
approachcalledOrderedBinary DecisionDiagrams(OBDDs). Section10 is devoted to test the
consistency of themethod.Section11 providesconclusions.

2 PREVIOUS WORK

A generalsearchtechniqueinspiredby naturalevolution, calledthegeneticalgorithm (GA) [19],
hasbeenwidely usedfor optimizationtasks[17] andis known to beavery powerful tool in certain
domains.GeneticProgramming(GP) [23] is anextensionof theGA in which a tree-basedrepre-
sentationis usedinsteadof the traditionallinearchromosomicbinary representationemployed by
theGA.

Probablytheearliestattemptto evolve circuits is Friedman’s thesis,thatdatesbackto themid
1950s[16]. In his thesis,Friedmanproposedthat a seriesof control circuits, similar to what we
now call neuralnetworks,couldbeevolvedthrough“selective feedback”in aprocessanalogousto

1Throughoutthis paper, we will often refer to a � -control line multiplexer usingthe abbreviation “mux” (plural is
“muxes”).



naturalselection.J.W. Atmar [5] wasanotherearlyresearcherto incorporatedirectly thebit string
representingthe configurationof a programmablecircuit within thegenotypeof an evolutionary-
basedtechnique.

In thecontemporaryliterature,theattemptto useevolutionary-basedtechniquesto designelec-
trical circuitshasbeencalled“evolvablehardware” [22, 12]. Within evolvablehardwarethereare
only a few researchersworkingon thedesignof circuitsat thegate-level.

Louis[28] is oneof earliestsourcesthatreporttheuseof GAsto designcombinationallogic cir-
cuits. In hisdissertation[27] Louiscombinesknowledge-basedsystemswith thegeneticalgorithm,
makinguseof a geneticoperatorcalledmasked crossover thatadaptsto theencoding,beingable
to exploit informationunusedby classicalcrossover operators.His ideaof incorporatingknowl-
edgeaboutthedomainin thegeneticoperatorconstitutesabig steptowardincreasingthepower of
theGA asa designtool. Unfortunately, the incorporationof knowledgeinto theGA decreasesits
usefulnessasa general searchtool. Louis overcomesthis problemby defininganoperatorthathe
claimsto be domainindependent,but whoseefficiency turnsout to dependon the representation
used.

Koza[23] hasusedgeneticprogrammingto designcombinationalcircuits.Hehasdesigned,for
example,a two-bit adder, usinga small setof gates(AND, OR, NOT), but his emphasishasbeen
on generatingfunctionalcircuits ratherthanon optimizing them. In fact, this is alsothe casein
Louis’ research,wherethemainfocuswasto provide aneasierway to generatefunctionaldesigns
usingthe GA ratherthanin optimizing a functionaldesignaccordingto certainmetrics. In more
recentwork, Koza[25, 24] hasfocusedmoretowardsthe designof analogcircuits in which the
goal is to producetheir appropriatetopologyandsizeso that they are functionalgiven a certain
set of components.So far, geneticprogramminghasbeenconsidereda more powerful tool in
suchtasks,becausethe representationit usesis more powerful for structuraldesignin general.
However, geneticprogrammingproducescircuitsthatarehighly redundantanddifficult to simplify
automatically. Furthermore,thecomputerresourcesnormallyrequiredto producesuchcircuitsare
very demandingin termsof memoryandCPUtime.

Another early effort to codify the basic logic gates(AND, OR, and NOT) along with their
possibleinterconnectionswasofferedby Thompsonet al. [35]. Thompson’s work focuseson the
configurationof a Field ProgrammableGateArray (FPGA)usinggeneticalgorithms,andwasthe
basisfor thework performedlaterby mostof theotherresearchersinterestedin evolvablehardware
at thegatelevel.

Miller etal. [29] developedanapproachthatusesaverycompactrepresentationthatinsteadof
consideringthe inputsandgatesof a circuit ascompletelyseparateelementsin thechromosomic
string,usesasinglegeneto encodeacompleteBooleanexpression.Miller’ s notationdecreasesthe
total lengthof thechromosome,but it increasesthe cardinalityof the alphabetneeded,having as
its main drawbackthe lack of flexibility of the representationto handlea larger numberof inputs
(thecardinalityof thealphabetin Miller’ s casegrows exponentiallywith respectto thenumberof
inputs).

Theonly otherwork onevolvablehardwareatagatelevel is theonereportedby Ibaetal. [21],
who useda variable-lengthGA with anarrayrepresentation.However, theemphasisof Iba’s work
is learningratherthanoptimization.



Noneof thepreviously mentionedapproacheshasconcentratedon theexclusive useof multi-
plexersto designcombinationalcircuitsusingevolutionarytechniques,althoughsomeresearchers
suchasMiller [29] haveusedmultiplexersasanotherpermissiblegatewhichcanbecombinedwith
thetraditionalBooleanfunctionsto designcircuits.

Severalstrategiesfor thedesignof combinationalcircuitsusingmultiplexershavebeenreported
after the conceptof universal logic modules[38]. Chart techniques[26], graphicalmethodsfor
up to 6 variables[36], andotheralgorithmsmoresuitablefor programminghave beenproposed
[30, 18, 4, 34]. Theaim of theseapproaches(muxesin cascadeor tree,or a combinationof both),
is eitherto minimizethenumberof multiplexers,or to find � controlvariablessuchthata Boolean
functionis realizableby amultiplexer with ��� controlsignals.

Our goal is a generalmethodologyfor thesynthesisof any logic functionspecifiedthrougha
truth table.No specificdomainknowledgeis usedto modify thegeneticoperators,neitherit needs
to beknown by thesystem.

Binary decisiondiagramshave beenalso very popular in the circuit optimization literature.
Akers [3] proposedbinary decisiondiagramsas the vehicle to representand minimize Boolean
functions.Bryant[6] proposeddirectedacyclic graphsfor thesameend.Bothapproachesarebased
on themanipulationof thenodesof thegraph,thus,theinitial graphis transformedinto functional
equivalentsubgraphswhile preservingthe Booleanfunction encoded.The repetitive application
of several noderulesderived from the problemdomain(remove terminals,remove nonterminals,
removeredundanttests[7], andalsoreduce) [31] haveprovensufficient to simplify binarydecision
diagrams,andto reducethemintoorderedbinarydecisiondiagrams.In essence,thegoalisachieved
by a top-down minimizationstrategy, that is, reducedgraphsareproducedfrom completegraphs.
The approach,althoughuseful to test functionalequivalence(generationof the sametruth table)
andothercircuit properties,it doesnot fully minimizeacircuit [20].

Theevolutionarycomputationapproachwe areto describefollows essentiallytheoppositedi-
rection. A bottom-upsearchingprocedure(geneticprogramming[23]) constructsBooleanfunc-
tions by combiningsamplestaken from the spaceof partial solutions. Oncea 100%functional
solutionis found,our goal is to minimizesucha solution. Thus,thefitnessfunction is updatedto
rewardfully functionalsolutionswith fewer elements.Treesarethereforetrimmed,andnodesare
replicatedwithout addingany heuristicotherthanasimplechangein thefitnessfunction.

The differencein the two approachesshouldbe evident at this point: in graphtechniquesthe
“minimization rules” arederived from theproblemdomain. In our evolutionarysystemwe work
with thepurestform of geneticprogramming.Thus,no problemdomainknowledgewasincluded
in theevolutionaryprocess,andyet, our approachis ableto find excellentresultsaswe will seein
a furthersection.

OrderedBinary DecisionDiagrams(OBDDs)have alsobeenusedin combinationwith evolu-
tionarycomputationtechniques.Yanagiya[37] is creditedasbeingthefirst to useOBDDsto learn
a 20-multiplexer with geneticprogramming.After him, severalotherresearchershave performed
similar research(seefor example[14]). However, theemphasisof thatwork hasbeenthemodifi-
cationof thegeneticoperatorsasto implementthestandardOBDD simplificationrules.They also
consideredtheuseof specialtechniquesto createrathersmall initial populationsthat functionally
agreewith the truth table. Thus, the low bias in the initial populationreducesthe searchspace,



andin consequencethetime to find asolution.Themostobviousdisadvantageof theseconstraints
specificallydesignedto learna certainBooleanfunction (e.g.,a multiplexer) is their lack of gen-
erality. Otherresearchers,suchasDrechsler[13] have focusedon improving thelearningrateof a
geneticalgorithmby trainingit with asetof examples.Althoughthetrainingprocessturnsout to be
relatively slow, theperformanceof thegeneticalgorithmis considerablyacceleratedafterderiving
certainheuristicsfrom the learningstage,andapplyingthemto a differentBooleanfunction. The
focusof thesepapersis differentfrom ours,sincewedonotconcentrateon theproblemof learning
a certainBooleanfunction(like Droste[14]) or a certainnodeorderingfor anOBDD (like Drech-
sler[13]), but in designingandoptimizingcombinationalcircuitsdefinedby atruthtableusingonly
multiplexers[2],[1]. Nevertheless,we compareour resultsagainstthoseproducedby OBDDsin a
furthersection.

3 STATEMENT OF THE PROBLEM

Theproblemof interestto usconsistsof designinga circuit thatperformsa desiredlogic function
(specifiedby a truth table),usingtheleastpossiblenumberof

�
-control line multiplexers. As will

be describedbelow, a logic function with � variablescanbe implementedusing ���	� �
muxes

(calledthestandard implementationin this paper).Any implementationusinglessthanthatnum-
ber of elementscould be consideredan improvementin the design. Sincethe optimal minimum
numberneededis unknown for mostof the logic functions,theuseof a heuristicsuchasgenetic
programming[23] seemsadequate.

Theapproachof this paperallows only “1s” and“0s” to be fed into themuxes. This makesa
cleardifferencewith respectto the well-known tabular techniquesusedfor thesynthesisof logic
circuits,becausein thosecasesa variablecanbe fed into a multiplexer. In our casewe allow the
variablesto beusedonly asthecontrolsignalof themultiplexer.

Theimplementationcostmeasuredin termsof siliconsurfacehasbeenstudiedfor many years.
Consideran � -variablemultiplexerrealizedby meansof ���
� � multiplexerswith a

�
-controlsignal.

Assumingthatthecostof asingleunit is � , thecostof sucharealizationis proportionalto ���� � ����
. Therefore,any realizationwith afewernumberof elementsimpliesanimprovementof thetotal

manufacturingcost[11]. Recently, Scholl introducedpasstransistorlogic for the implementation
on siliconof this kind of synthesizedcircuits[32].

4 MULTIPLEXERS AS UNIVERSAL LOGIC BASIS ELEMENTS

A multiplexer with � selectionlines is a combinationalcircuit thatselectsdatafrom ��� input lines
and directs it to a single output line. A procedurebasedon the residueof a Booleanfunction
combinedwith Shannon’s decompositionproducesa circuit thatonly usesbinarymultiplexers(the
complementof aBooleanvariablex will bedenotedx’ hereafter)



Definition 1 Residue of a Boolean Function The residue of a Boolean function� ����������������������� � � with respectto a variable ��� is the valueof the function for an specificvalue
of ��� . It is denotedby

�� "!
, for ���$# � andby

�&% "!
for �'�(#*) .

TheShannonexpansion[33] in termsof residuesof thefunctionis,

� #,+��� �.-/% "!10 ��� �.-  "! (1)

For mappingBooleanexpansionsinto circuits usingbinary multiplexers,eachvariable �'� in
Equation1 takes the control line of the mux. For the sake of an exampleconsiderthe function� �324�"5��76 � #82:9;5<9=6 0 2:9>5?6<9 0 2'5<9=6?9 .

Theresidueof theexpansionover thevariable2 is:

� �324�"5��76 � # 2 9 �.- @<ACB.0 2 �.- @<A �
# 2 9�D ��5 9 6 0 5?6 9 � 0 2 D ��5 9 6 9 �

The factor 5 9 6 0 5?6 9 mustbe taken by the mux whenthe selector2 is “low”, and 5 9 6 9 when 2 is
“high”. Thesefactorscould alsobe expandedin the sameway. The expansionof the first factor
over thevariable 5 is:

5 9 6 0 5?6 9 # 5 9 ��5 9 6 0 5?6 9 � - E ACB 0 5���5 9 6 0 5?6 9 � - E A �
# 5 9 D 6 0 5 D 6 9

And theexpansionof thesecondfactorover 5 is:

5 9 6 9 # 5 9 ��5 9 6 9 � - E ACB 0 5���5 9 6 9 � - E A �
# 5 9FD 6 9 0 5 D )

Thecircuit implementingtheBooleanfunctionof ourexampleis shown in Figure1. Oursystem
capturestheessenceof this expansion,therefore,it will producecircuitswhoseonly inputsare0s
and1s.Differentvariableorderduringtheexpansioncanproducesmallercircuitsif someBoolean
termsaresharedby two or morebranchesof thetree.This is a combinatorialproblemsuitablefor
anevolutionarycomputationtechnique.

Thestandard implementationof a Booleanfunctionusingbinarymuxesis shown in Figure2.
This is, every multiplexer with � -control linescanbesynthesizedby ���G� � muxeswith

�
-control

line. Noticethatthenumberof layersor depthof thearrayis equalto � .
Multiplexers canbe “active low” or “active high” devices,a propertythat we simply denote

asclassA andclassB (this is similar to computetheShannonexpansionover a variable 2 , or its
complement2F9 ). For a classA multiplexer, whenthecontrol is setto onethe input labeledas“1”
is copiedto the output,andviceversa,the input labeledas“0” is copiedto the outputwhen the
control is zero. For a classB multiplexer the logic is exactly theopposite:copy the input labeled
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“0” whenthecontrol line is one,andcopy theinput labeled“1” whenthecontrol is zero. In order
to differentiatethisproperty, classA muxeshave thecontrolsignalon theright handsideandclass
B on the left, ascanbeseenin Figure2. Thereforethecontrolsignalis locatedon thesideof the
input to bepropagatedwhenthecontrol is in anactivestate(theactive statewill be“1” for all our
examples).

It is possibleto usebothclassesof multiplexerssimultaneouslyin acircuit. Thedesigncriteria
could allow themaswell. Two characteristicpropertiesof circuits of this natureshouldbe taken
into considerationduringthedesignprocess:

I ClassTransformation Property: ClassA andclassB multiplexerscanbeconvertedfreely
from oneclassinto the other, by just switchingtheir inputs,thusinput labeled“1” goesto
input “0” andinput labeled“0” now goesinto “1” (seeFigure2).

I ComplementFunction Property: Foreverylogic function J , its complementJ 9 isderivable
from theverysamecircuit thatimplementsJ by justnegatingtheinputs,thatis, by changing
“0s” to “1s” and“1s” to “0s” (seeFigure3) [2].

Thecorrespondingconsequencesof thesepropertiesarethefollowing:

I Implementation in One Class: Every circuit canbeimplementedby meansof multiplexers
of only oneclass(by theclasstransformationproperty).Sinceweareaimingto replicatethe
sameelementasmany timesaspossible,this is a highly beneficialdesignquality, ascanbe
appreciatedin Figure4 [2].

I The Minimum Cir cuit Equivalence: If thefunction J andits complementJ 9 arefoundto
beimplementedby particularanddifferentsize(i.e.,numberof elements)circuits,thenboth
circuits aresolutionsfor both functions(by thecomplementfunctionproperty). Therefore,
thesmallestcircuit is thedesirablesolution. This meansthat in practicethedesignerwould
have analternateprocedureto verify thequalityof thesolution[2].
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5 NOTIONS OF GENETIC PROGRAMMING

Oneof theearlygoalsof Artificial Intelligence(AI) relatesto theautomaticgenerationof computer
programsto performacertaintask.Forseveralyears,however, thisgoalseemedtooambitioussince
thereis normallyanexponentialgrowth of thesearchspaceaswe extendthedomainof a certain
program,andconsequently, any techniquewill produceeitherinvalid or very inefficient programs.

Someevolutionarycomputingtechniquesattemptedto dealwith automaticprogrammingsince
their conception,but their notoriousfailureseven in very simpledomainspreventedotherAI re-
searchersto takemuchof thisworkseriously[15]. However, Hollanddevelopedthemodernconcept
of thegeneticalgorithmwithin the framework of machinelearning[19], andmuchmoreresearch
is still in progressinvestigatingtheuseof GAs for thatpurpose,althoughautomaticprogramming
wasput asideby researchersfor severalyears.Oneof thereasonsfor this wasthata conventional
GA hassome(ratherobvious) limitations whenusedfor automaticprogramming,particularly in
termsof representationalissues.

Encodingthe setof instructionsof a programminglanguageandfinding a way of combining
themin a meaningfulmanneris not simpleby any means,but if a treestructureis usedin combi-
nationwith certainrulesthatavoid thegenerationof invalid expressionswe canbuild a primitive
parsercapableof producingsimpleprograms.This waspreciselythe approachtaken by JohnR.
Koza[23] to develop“geneticprogramming”in whichLISP wasoriginally usedto take advantage
of theparserbuilt into thelanguageto evaluatetheexpressionsproduced.

Thetreerepresentationadoptedby Kozaobviously requiresdifferentalphabetsandspecialized
operatorsto evolve randomlygeneratedprogramsuntil they become100%valid to solve a certain
(pre-defined)task, but the underlyingprinciplesof the techniquecan be generalized.Treesare
composedof functionsandterminals.Thefunctionsnormallyusedarethefollowing [23]:

1. Arithmetic operations(e.g.,+, -, K , L )

2. Mathematicalfunctions(e.g.,sine,cosine,log, exp)
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3. Booleanoperations(e.g.,AND, OR,NOT)

4. Conditionals(IF-THEN-ELSE)

5. Iterators(DO-UNTIL)

6. Recursive functions

7. Any otherfunctiondefinedin thecurrentdomain

Terminalsare typically variablesor constants,andcanbe seenas functionsthat take no ar-
guments. An exampleof a chromosomethat usesthe functions M = N AND, OR, NOT O and the
terminalsP = N A0, A1 O is shown in Figure5.

Crossovercanbeperformedby numberingthenodesof thetreescorrespondingto the2 parents
(seeFigure6) andselecting(randomly)a point in eachof themso that the sub-treesbelow that
point areexchanged(seeFigure7, wherewe assumedthatthecrossover point for thefirst parentis
2, andfor thesecondis 6).
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Typically, the sizesof the treesof the 2 parentswill be different, as shown in the previous
example.It shouldalsobeobservedthatif thecrossover point happensto betheroot of oneof the
two parenttrees,thenthatentirechromosomewill becomea sub-treeof theotherparent,which is
thewayof incorporatingsubroutinesinto aprogram.It is alsopossiblethattherootsof bothparents
areselectedasthecrossover points. In thatcase,no crossover is performed,andtheoffspringare
thesameastheirparents.

Normally, theimplementationof geneticprogrammingimposesa limit in themaximumdepth
that a certaintreecanreach,to avoid generating(randomlyandby usingcrossover or mutation)
treesof considerablesizeandcomplexity.

Mutationis performedby selecting(randomly)a certainpoint in a tree,andthenreplacingthe
sub-treebelow it with anotherthatis generatedrandomly. Figure8 shows anexamplein which the
mutationpoint is 3.

Permutationis an asexual operatorthat emulatesthe inversion operatorusedin genetical-
gorithms[17]. It reordersthe leaves of a sub-treeafter a (randomly)selectedpoint, aiming to
strenghtenthe union of allele combinationswith good performancein a chromosome[19]. An
exampleof permutationis shown in Figure9, wheretheselectedpermutationpoint is 4 (the‘*’ in-
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dicatesmultiplication,andthe‘%’ indicates“protecteddivision”, andit refersto adivisionoperator
thatavoidsthatourprogramcrasheswhenthesecondargumentis zero).

In geneticprogrammingis alsopossibleto protector “encapsulate”a certainsub-treethatwe
know is agoodbuilding block,to avoid its destructionby any of thegeneticoperators.Theselected
sub-treeis replacedby a symbolicnamepointing to the actuallocation of the sub-tree,and the
actualsub-treeis compiledseparatelyandlinkedto therestof thetreein a way similar to external
classesin anobject-orientedlanguage.Figure10 shows anexampleof encapsulationin which the
right sub-treeis replacedby thename(E0).

Normally, is alsonecessaryto do someediting in theexpressionsgeneratedto simplify them,
althoughtherulesfor doingthatareproblem-dependent.For example,if wearegeneratingBoolean
expressions,we canapplyrulessuchasthefollowing:

(AND X X) n X

(OR X X) n X

(NOT (NOT X)) n X
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Finally, geneticprogrammingalsoprovidesmechanismsto destroy a certainpercentageof the
populationsothatwe canrefreshthechromosomicmaterialaftera certainnumberof generations.
This mechanism,calledexecution, is very usefulin highly complex domainswhereour population
maynot containasinglefeasibleindividualsevenaftera largenumberof generations.

In theapplicationreportedin this paper, we only usedthe simplestform of geneticprogram-
ming: treeencodingwith tournamentselection(usinga tournamentsizeof three),crossover and
mutation.Noneof theotheroperatorspreviously mentionedwereusedin our implementation.

6 APPLYING GENETIC PROGRAMMING

Thereare several issuesof interestconcerningthe useof geneticprogrammingin this domain,
andthis sectionaimsto help the readerto fully understandthe approachtaken by the authorsby
describingtherepresentationandgeneticoperatorsusedfor thiswork.

The issuestaken into considerationfor this applicationand the way in which they wereap-
proachedareasfollows:

I Representation:Wedecidedto usebinarytreesto representacandidatecircuit. Suchbinary
treesare representedby meansof lists. Essentiallyeachelementof the list is the triplet��oqp4�r�7s�t ��u �v6�w&xms�yz��{�x�|�w u �}6�w&xfs3y � thatencodessubtreesasnestedlists. Thetreecaptures
the essenceof the circuit topologyallowing only the childrento feedtheir parentnode. In
otherwords,theinputsof amultiplexer canonly bechosenfrom thepreviouslevel, asshown
in Figure11.

Both classesof binarymultiplexers(asdescribedin section4) areimplemented,then,for in-
stance,multiplexers ~$) and ��) areactivatedby thesamecontrolbit ��) (theleastsignificant
bit in Figure11)but they respondin a particularway to theactivationstate.

I Implementation language: Most of the elementsof thepopulationarefunctionalcircuits,
therefore,they implement(at leastpartially) the expectedlogical behavior. Eachnodeof



the treeis a multiplexer whosechildrencould be eitheranothermultiplexer or a leaf. The
correspondingvalue of a leaf is, of course,zero or one. Sincetreesand lists are natural
structuresin Prolog we decidedto usethis programminglanguageto implementour system
sothatour implementationcouldbeconsiderablysimplerto develop.

I Crossover operator: The exchangeof geneticinformation betweentwo treesis accom-
plishedby exchangingsubtreesasshown before. Our implementationdoesnot imposeany
kind of restrictionto the selectionof subtreesor crossover points. Node-node,node-leaf,
andleaf-leafexchangeareallowed. Theparticularcasewhentheroot nodeis selectedto be
exchangedwith a leaf is disallowed,sothat,no leafmaybemistakenlyconvertedinto anode
thusavoiding thegenerationof invalid trees(in suchcasesthevalid childrenarereplicated
twice).

I Mutation operator: Mutation is implementedin a simple way: first a mutationpoint is
randomlychosenamongthe nodesand leaves. Whena node(multiplexer) is selected,its
controlinput is changedasfollows(assuming� controlsignals):2 B n�2z� , 2z��n�2F� , 2 �F� ��n2 � , 2 � n�2 B . Similarly simpleis themutationof a leaf: )�n �

,
� n�) .

I Fitnessfunction: The goal is to producea fully functionaldesign(i.e., onethat produces
theexpectedbehavior statedby its truth table)which minimizesthenumberof multiplexers
used.Therefore,a fitnessfunction thatworks in two stagesis introduced.At thebeginning
of thesearch,only compliancewith thetruth tableis takeninto account,andtheevolutionary
approachis basicallyexploring thesearchspace.Oncethefirst functionalsolutionappears,
weswitchto anew fitnessfunctionin whichfully functionalcircuitsthatuselessmultiplexers
are rewarded. Regardlessof the currentstageof the fitnessfunction, all membersof the
populationhave their fitnesscalculatedin every generation.It is thefitnessfunctiontheonly
agentresponsiblefor thelife spanof theindividuals.

I Initial population: Thedepthof thetreesrandomlycreatedfor the initial populationis set
to amaximumvalueequalto thenumber� of variablesof thelogic function(seeSection4).
Consideringcompletebinarytrees,for � variables,���r� � is theupperboundonthenumberof
nodesallowedin thetree.However, wefoundin ourexperimentsthatin theinitial population
treesof shorterdepthwerecreatedin largernumbersthantreesof greaterdepth.This led us
to adopta strategy in which thesize(depthandnumberof nodes)of the treesdynamically
changedover generations.The goal wasto allow our treesto grow without any particular
boundariesasto allow a rich phenotypicvariationin thepopulation.

7 AN INFORMAL ALGEBRA FOR TERMIN AL NODES

Thefitnessfunctiondoesnot take into accounttheredundancy of theterminalnodes(nodeswhose
childrenareonly ) or

�
), that is, identicalterminalnodesareprunedaway from any solutionand

countedasjustanothernode.
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Figure12: Redundancy andAlgebraicAnalysis.Nodeequivalenceandsubtreeequivalence

Thefunctionperformedbyacircuit clearlyisacompositionof node-functionsoverthechildren-
nodefunctions,andsoon,all theway down to thebottomof thetree. With really low probability
eitheronesubtreemight be identical to anothersubtree,or onesubtreemay consistof the same
nodes.Thereforetherearesomeredundantnodesthatcouldbedeletedby meansof furtheranalysis
of thesolutiondeliveredby thegeneticprogrammingsystem.We have calledit “redundancy and
algebraicanalysis”. Its goal is to improve in at leasttwo waysthebestsolutionfound in the last
generation.First, the numberof elementsmight be reducedsinceredundantsubtrees(if present)
will beremoved,andsecond,it opensthedoorto implementationdecisions,for example,to select
thepreferredor recommendedclassof multiplexer to beused.

Terminalnodesaredeletedaccordingto the rulesshown in Figure12. Similar rulesderived
from theproblemdomainaregivenin [3]. Rule1 is appliedfor transformingonemultiplexer class
into theother, aimingto maximizeredundantnodesthatcanbedeletedandtheentiresetreplaced
by justoneof them.Subtreesasshown in rule2 havebeenobservedoccasionally. By meansof this
rulewe have beenableto reducethenumberof nodesof asubtree.

8 COMPARISON WITH STANDARD IMPLEMENT ATION

Wecomparetheevolutionaryapproachagainstthenumberof muxesusedby astandardmultiplexer
implementation(seeFigure2). For that sake, several circuits of differentdegreesof complexity
werechosen.The quality of the solutionsproducedareevaluatedusingthe metric mentionedin
Section3. Sofar we have limited ourselvesto theevolution of circuitswith only oneoutput.In all
theexamplesincludedin this paper, we useda crossover rateof 0.35anda mutationrateof 0.65
per individual2. Thepopulationsizesandmaximumnumberof generationsusedin the following
exampleswereempiricallydetermined.

8.1 Example1

Thefirst exampleconsistsof a functionwith threeinputsandoneoutput,asshown in Table 1. It
could be describedin wordsas“the function whoseoutput is 1 whenonly oneof its inputsis 1.

2Therefore,probabilityof mutationpergene=0.65/L,whereL is thetotal numberof terminalsplusnon-terminalsin
thetree.



��� ��� ���
F

0 0 0 0
0 0 1 1
0 1 0 1
0 1 1 0
1 0 0 1
1 0 1 0
1 1 0 0
1 1 1 0

Table1: Truth tablefor thefirst example.

��� ��� ��� ���
F

0 0 0 0 1
0 1 0 0 1
0 1 0 1 1
0 1 1 0 1
0 1 1 1 1
1 0 0 0 1
1 0 0 1 1
1 0 1 0 1
1 1 0 1 1
1 1 1 1 1

Table2: Mintermstablefor thesecondexample.

Otherwisetheoutputis 0”.
Sincewe have ��#�H in this case,theoretically, ����� � #�� muxesarerequired. Our approach
producesa solutionwith only 5 muxes.Therefore,we have saved � elements(29%).This solution
wasfoundusinganinitial populationof 600elementsevolvedduring200generations.

8.2 Example2

In this secondexampletheproblemis to implementa functionwith four inputsandoneoutput,as
shown in Table 2. Only mintermsareshown (column J is shown for thesake of clarity).
Since �v#�� in this case,then ���$� � # ���

muxesarerequired.Theevolutionaryapproachfound
thesolutionshown in Figure133. This solutiononly requires7 muxes,saving then8 muxes(47%)
with respectto thestandardimplementation.This solutionwasfoundusinganinitial populationof
600individualsevolvedduring200generations.

3Only onegraphicalrepresentationof thesolutionsproducedwasincludedto save space.
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8.3 Example3

Thethird problemis theimplementationof a functionwith 5 inputsandoneoutput.Theminterms
of thefunctionarethefollowing:

� #�� �3)'� � �"H��"���<�F�"��� � )'� � H'� ��� � � ���<��)'�<� � �"� � �"�:���<�`�'�"H`)'�"H ��� (2)

Since ��# �
in this case,then ����� � #�H � muxes are required. The solution found by the

evolutionary approachhas15 multiplexers. Therefore,we have saved H � � ��� # � � elements
(52%).This solutionwasfoundusinganinitial populationof 600individualsevolvedduring1000
generations(due to the increasein complexity of the Booleanfunction, we had to usea larger
numberof generations).

8.4 Example4

In thefourth examplewe seeka solutionfor a morecomplex Booleanfunction(6 variables).Next
is thelist of mintermsof thefunction.

� # � �3)'� � �"H��"���<�F�"��� � )'� � H�� ��� � � �'�"�`)'�<� � �"� � �"�:�F�<�`�'�"H�)¡�"H � �<H`���<H`H'�"H � �"H¢���
H`£����¢)'���:����� � ���F�F� � )'� � �'� � H&� � �F� � £'�"��)&�"�:���<�`H �

Since ��#¤� in this case,then ��¥�� � #��`H muxes are required. The solution found by the
evolutionaryapproachhas21multiplexers.Therefore,wehavesaved �`H���� � #8�:� elements(67%).
Thissolutionwasfoundusingapopulationof 1500individualsevolvedduring700generations.

Table 3 summarizesthesefour examples.Thecolumn ¦ -Mux shows thenumberof
�
-control

line multiplexers neededto implementan � -control lines multiplexer. The column GP Output
shows thenumberof nodesin thebestsolutionfoundby ourgeneticprogrammingsystem,andGP



Example Inputs n-Mux GP Output GP Algebraic Total Saved
1 3 7 6 5 2
2 4 15 8 7 8
3 5 31 22 15 16
4 6 63 27 21 42

Table3: Comparisonon thesizeof thedeliveredcircuits,optimizedcircuits,andstandardimple-
mentation.

Algebraic is thefurtherrefinedsolution(thefinal circuit aftermanualediting). Total Saved is the
differencebetweencolumns3 and5.

9 COMPARING AGAINST OBDDs

Thedesignwith multiplexers is akin to thedesignwith binary trees.Theredoesexist, in fact,an
isomorphismbetweentreesrepresentingBooleanfunctions,andthemultiplexer-basedimplementa-
tion. Binary treescanbetransformedinto binarydecisiondiagrams(BDD), BDDs tranformedinto
OrderedBinaryDecisionDiagrams(OBDD),andOBDDsinto ReducedOBDDs(ROBDDs).ROB-
DDsprovideacanonicalrepresentationof logic functions(thediagramrepresentingthefunctionis
unique),therefore,they areapowerful tool for reasoningaboutlogic functions.For instance,to de-
terminewhethertwo Booleanfunctionsareidenticalis equivalentto verify whethertheirROBDDs
areisomorphic.Propertiesof thissortarehighlycherised,but unfortunately, they canhidetheweak-
nessesof themethods.It is well known thatROBDDsarevery sensitive to thevariableordering.
For almostany Booleanfunction,onevariableorderingcanproduceadiagramusinganexponential
numberof nodes,while anotherorderingcanproduceabetterdiagram(sub-exponentialnumberof
nodes).Furthermore,themultiplicationfunctiondoesnothave any sub-exponentialOBDD for any
variableordering[6]. We believe ROBDDsareexcellenttools for reasoningaboutBooleanfunc-
tions,but they arenot suitablefor optimalcircuit minimization.Many reasearchershave attempted
heuristicsandalgorithmsto find theoptimumvariableorderingthatwill producethediagramwith
thesmallestnumberof nodes.Weshow threedesignexampleswhosesolutionsareat leastasgood
astheROBBDsversion.Thesamecrossoverandmutationratesindicatedbeforewereusedin these
examples.

9.1 Example5

Thefirst Booleanfunctionwe want to synthesizehas6 variables: J�#¨§ � § � 0 § � § � 0 § � § ¥ .
TheOBDD of any functionof this sortwith � variableshas � nodes.Theoptimalorderingof the
variablesis

� �"���"H����&� � �"���������¢��� [6]. We have beenableto find optimalsolutionsto functionswith
4, 6, 8 and10 variables.In Figure15 theOBDD treeis depictedalongwith thesolutionproduced
by ourevolutionaryapproach.Noticethatthetreedepthis similar in bothdesigns.Theconvergence
graphcorrespondingto thisproblemis shown in Figure14.
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Figure16: Synthesisof Example6

Our geneticprogrammingsystemfoundtheoptimalsolutionat generation300usinga popula-
tion size=990individuals.

9.2 Example6

The next designis the synthesisof a similar function with 6 variables: J�#�§ � § � 0 § � § � 0§ � § ¥ . The optimal solution found by OBDDs to this problemhas14 non-terminalnodeswith
variableordering

� �"���"H����&� � �"� . Thus,no othervariableorderingwill find a bettersolutionusing
OBDD techniques[6]. In Figure16 we show theevolvedoptimalsolutiondeliveredby thegenetic
programmingsystem.It is implementedwith only 10 nodes.

Our geneticprogrammingsystemfoundtheoptimalsolutionat generation219usinga popula-
tion size=990individuals.

9.3 Example7

The“odd parity” functionis avery hardproblemto solve usingmultiplexersandgeneticprogram-
ming. In factwe have foundtheoptimalsolutiononly for problemshaving four or fewervariables.
Thedifficulty is duein partto thefactthattheidealsolutionrequiresonly §ÅÄ�Æ gates.Therefore,
any approachfor which §ÅÄ�Æ gatescannotbe mappedone-to-oneinto anothersetof primitives
will have moreelementsthanthenumberof §ÅÄ�Æ s. OnesingleMux cannotimplementan §ÅÄ�Æ
gate,but usingMuxesasthecircuit primitive, thegeneticprogrammingsystemhasprovenableto
optimally implementtherequiredfunction.

The Booleanfunction of 3 variablesis: JÇ#È§É�ËÊ §���Ê�§ � (where Ê refersto the XOR
function). UsingOBDDs,thesolutionfor � variableshasat most ���Ì� � non-terminalnodes.In
Figure17 we show theOBDD solution,andtheevolvedoptimalsolutiondeliveredby our genetic
programmingsystemwith 7 nodesthatcanbereducedto 5.
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Ourgeneticprogrammingsystemfoundtheoptimalsolutionatgeneration7 usingapopulation
size=990individuals.

10 CONSISTENCY OF THE CONVERGENCE

WhenusingEvolutionaryComputationtechniquesit is indispensableto evaluatetheconsistency of
themethod.Thus,onecanbeconfidentthat:a) thesolutionto new problemscouldbefound,andb)
currentsolutionswerenot foundby merechanceof acombinationof populationsizeandcrossover
andmutationparametersof thealgorithm.

10.1 Example8

Thefollowing problemis inspiredin whatnow is known asthe11-multiplexer and20-multiplexer
problems. Droste[14] hasshown a partially specifiedfunction approachto theseproblems. We
wish to verify theability of thesystemfor designingBooleanfunctionswith a “large” numberof
argumentsand specifictopology. That is, the topology is preserved as the numberof variables
increases.Booleanfunctionswith ��Í variables(where ÎÏ# � �"��������� ), areimplementedwith exactly��� D ��Í � � � binary muxes. For example,for ÎÐ#ÑH , a Booleanfunction of � � #�� variablesis
implementedwith exactly

���
muxeswhenthetruth tableis specifiedasshown in Table4. For anyÎ (i.e., thenumberof variables),wespecifythetablein asimilarway. Noticethatthereareexactly� D ��Í 0 � entriesin thetable.

Table5 showsthehighrateof convergenceof theGPsystemto theoptimum.Weran100exper-
imentsfor eachfunction(eachÎ ). Thecolumnvars showsthenumberof variablesfor someintegerÎ , muxesrefersto theoptimumnumberof binarymuxesneededto implementthepartialBoolean
function,andaverageindicatestheaveragenumberof iterationsneededto find theoptimum.In all



ÒqÓ ÒÉÔ ÒqÕ Ò×Ö Ò � Ò � Ò � Ò �
F

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 1 0 1
0 0 0 0 0 1 0 0 1
0 0 0 0 1 0 0 0 1
0 0 0 1 0 0 0 0 1
0 0 1 0 0 0 0 0 1
0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 1
0 1 1 1 1 1 1 1 1
1 0 1 1 1 1 1 1 1
1 1 0 1 1 1 1 1 1
1 1 1 0 1 1 1 1 1
1 1 1 1 0 1 1 1 1
1 1 1 1 1 0 1 1 1
1 1 1 1 1 1 0 1 1
1 1 1 1 1 1 1 0 1
1 1 1 1 1 1 1 1 0

Table4: Partially specifiedfunctionof Example8 ( ÎÏ#�H )



k vars muxes average confidence
2 4 7 60 ØÙ£�):Ú
3 8 15 200 ØÙ£�):Ú
4 16 31 700 ØÙ£�):Ú

Table5: Averagenumberof iterationsneededfor solvingExample8
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Figure18: Synthesisof Example8 ( Î�#�H )
cases,we foundoptimumsizecircuits in morethan90% of the iterations.The topologyof these
circuitsfor any Î is similar to thatof theFigure18.

CONCLUSIONS

Humandesignersseemto prefertop-down methodssincethenatureof thedesignprocessbecomes
thesimplificationandreductionof aninitial circuit into aminimumform. Thatis, a solutionexists
in thevery first stepof a top-down process.Suchis thecaseof OBDDsbasedtechniques.It seems
naturalto humanbeingsto work with schemesof this sort. Synthesisdevelopsin the opposite
direction. It denotesa creative processthatbeginswith a functionalspecification(truth table),and
endswith thearchitecturethat reproducestherequiredbehavior (thecircuit). Circuitsdesignedin
this way tendto besomewhatdifferentto theusual(human)solutions.A plausibleexplanationis



thatsynthesismethodsexploreregionsof thespaceof solutionsthattop-down methodsnever reach
duringtherefinementprocess.Thecircuitsof theexamples5,6and7 show thatcharacteristic:the
nodeorderingis not only differentbut it is (mostly)unknown to humandesigners.Betteryet, the
circuitsgeneratedhave optimalsize. In example7 (“odd-parity function”), it is alsointerestingto
notethat a basicbuilding block is determinedby the GP system.By replicatingthe multiplexer-
basedelementarymodule,designerscandefineany odd-parityfunctionof � variables(aprocedure
similar to thereplicationof the §ÅÄ�Æ module).

We have shown evidenceof similar ability of OBDDs andGeneticProgrammingfor circuit
design.Nevertheless,themany yearsof effort in deriving OBDDssimplificationrulesdo not out-
performaheuristicmethodwith no knowledgeof theproblemdomain.
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