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Abstract

Classification is a mainstream within the machine learning community. As
a result, a large number of learning algorithms have been proposed. The
performance of many of these could highly depend on the chosen values of
their hyper-parameters. This paper introduces a novel method for address-
ing the model selection problem for a given classification task. In our model
selection formulation, both the learning algorithm and its hyper-parameters
are considered. In our proposed approach, model selection is tackled as a
multi-objective optimization problem. The empirical error, or training er-
ror, and the model complexity are defined as the objectives. We adopt a
multi-objective evolutionary algorithm as the search engine, due to its high
performance and its advantages for solving multi-objective problems. The
model complexity is estimated experimentally, in a general fashion, as nor-
mally done for any learning algorithm, through the VC dimension. Strategies

for choosing a single model or for constructing an ensemble of models from

*Corresponding author. Tel.: +52 (222) 2663100 x 3413
Email address: arosales@inaoep.mx (Alejandro Rosales-Pérez )

Preprint submitted to Neurocomputing October 17, 2014



10

11

12

13

14

15

16

the resulting non-dominated set are also proposed. Experimental results
on benchmark data sets indicate the effectiveness of the proposed approach.
Furthermore, a comparative study shows that the obtained models are highly
competitive, in terms of generalization performance, with other methods in
the state of the art that focus on a single-learning algorithm, or a single-
objective approach.

Keywords: Model type selection, VC dimension, Multi-objective

optimization, Ensemble methods

1. Introduction

(Classification is a common task in supervised learning. Its popularity is
due to its use in a wide range of applications, such as medical diagnosis,
text categorization, etc. In the machine learning community, several learn-
ing algorithms to fit a model have been proposed, including decisions trees,
artificial neural networks, those based on statistical learning, etc. However,
to date there is not a universal “best” model; this is referred to as the No
Free Lunch Theorem [? |. Moreover, many of these learning algorithms
have a set of adjustable parameters, called hyper-parameters, whose fine-
tuning can affect their generalization ability. Taking that into consideration,
one might ask the questions: what learning algorithm should be used for a
specific problem? Also, given a learning algorithm, what hyper-parameters
values should be chosen? These questions are related to the issue of model
selection.

In the literature, there are several studies that address the model selection

problem. Among these, some of them have approached it as an optimization
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problem, differing in the search technique adopted, including gradient-based
methods [? 7 ? ], grid-search [? |, or bio-inspired meta-heuristics such as
evolutionary algorithms [? ? 7 7 ? |, artificial immune systems [? | or
particle swarm optimizers [? 7 7 |, etc. Grid-search is the simplest one, but it
could be time-consuming. Although gradient-based methods tend to be more
(computationally) efficient, they are very susceptible to the initial search
point and they can easily get trapped in a local optimum. Evolutionary
algorithms have gained popularity because of their ease of use and their
ability to overcome these shortcomings. Indeed, evolutionary algorithms can
be less computationally expensive than grid-search, and are less susceptible
to their initial search points than gradient-based methods. Furthermore,
evolutionary algorithms do not require gradient information and can be easily
parallelized.

Another major issue in model selection is the criterion used for this pur-
pose. In this direction, we can differentiate the works that consider a single-
objective criterion and those that consider multiple criteria. The single-
objective criterion approaches are generally based on an estimation of the
generalization error through the well-known & fold cross validation [? 7 ? ?
]. Attention has also been paid to considering multiple criteria. These works
typically consider the model performance and some criterion for penalizing
the model complexity [? ? |. Others have considered either to minimize the
sensitivity and specificity [? ? |, or different estimates of the model perfor-
mance [? 7 7 ]|. Alternatively, multiple criteria have also been approached
by simplifying the objectives in a weighted linear combination of these [? |

instead of simultaneously optimizing the objectives.
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Despite these efforts, most of the existing studies consider a single model
type (i.e., the learning algorithm is fixed a priori and the model selection
task consists of choosing its hyper-parameters), which could not be the most
suitable for a particular problem. To the best of the authors’ knowledge,
nowadays the works that address both the learning algorithm and the hyper-
parameters selection are scarce (e.g. [? 7 7 |), and most of them tackle
the problem as a single-objective one. Notwithstanding, the disadvantages
of using a single-objective approach for hyper-parameters optimization with
respect to the generalization performance have been pointed out by several
authors [? 7 7 ].

Inspired from previous ideas, we address both the problem of choosing
a learning algorithm and its hyper-parameters during the model selection,
which is faced as a multi-objective optimization problem. The error on
training samples and the model complexity are considered as the objectives
in our formulation. Unlike previous works in which the model complexity
estimation depends on the learning algorithm (e.g., the number of support
vectors in support vector machines), we propose to estimate it through the
VC-dimension (for Vapnik-Chervonensky dimension) [? |.

The main contribution of this paper is a general model selection frame-
work, whose formulation makes it applicable to any learning algorithm. Ad-
ditional contributions of the paper are as follows: (i) a multi-objective ap-
proach for tackling the model type selection problem (i.e., model type plus its
hyper-parameters), (ii) the use of the VC-dimension in the model type selec-
tion formulation for estimating the model complexity to any model type, and

(iii) since the outcome of the multi-objective optimization process is a set of
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solutions (models), that satisfy an optimal trade-off between the objectives
from which a model should be chosen, the strategies proposed for construct-
ing a final classification model from the non-dominated solutions set are an
additional contribution. The performance of our proposed approach is as-
sessed on several binary classification benchmark data sets widely used in the
literature. The experimental results and comparisons show that our proposal
is able to select highly effective classification models.

The remainder of this paper is organized as follows. In Section [2, we
describe the VC-dimension theory and the way in which it can be estimated
in an experimental fashion. Section [3| presents our proposal, describing in
detail how the model selection problem is formulated as a multi-objective one.
It also describes the proposal for constructing a final model from solutions
in the resulting non-dominated front. Section [4| presents the experiments
performed to test the validity of our proposal using benchmark data sets,
and the results obtained from these. Finally, the main conclusions and future

work direction paths are presented in Section

2. VC Dimension Estimation

Vapnik and Chervonenkis defined the VC dimension [? | as a measure of
the capacity of a learning algorithm. The VC Dimension is defined through
the notion of “shattering”, which is described as follows: if we have a set of
n samples that can be separated by a set of indicator functions F' (functions
that map a sample to its corresponding binary label) in all 2" possible ways,
we say that the set of samples is shattered by the set of functions F. The

VC dimension can be formally defined as [? |:
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A set of functions F has a VC dimension h if there are h
samples that can be shattered by the set of functions F, but
there are not h 4+ 1 samples that can be shattered by the set of

functions F'.

Notwithstanding that the VC dimension can be seen as a measure of
the model complexity [? |, exact analytic estimates of this are only known
for a few classes of functions (linear models), whereas for many others it is
unknown. To overcome this, Vapnik et al. [? | proposed a method to exper-
imentally estimate the effective VC dimension of a model. This approach is
based on the best fitting between an analytic formula and measurements of
the maximum deviation between the error rates on two independent data sets
of varying sizes. Conceptually, this approach can be applied to any learning
algorithm [? |.

The maximum deviation, £ (n), of the error rates between two indepen-

dent labeled data sets is defined as:

¢ (n) = max (| err (Z,,) —err (Z2) |) (1)

w

where Z! and Z? are two independent labeled data sets of size n, err (Z,,) is
the error rate on the data set Z,, and w is the set of parameters of a binary
classifier.

As it is stated in [? ], £ (n) is bounded as follows:

{(n) < @ (n/h) (2)

where
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] if 7 <0.5
(1) = GM<1+\/1+M) ifr>05 ?

T—k log (27) + 1

where 7 = n/h, and the values of the parameters a = 0.16 and b = 1.2 were
empirically determined. The value of £ = 0.14928 is determined such that
¢ (0.5) = 1.

Since the bound in Equation ({2)) is tight, it can be assumed that

§(n) = @ (n/h) (4)

The VC dimension h can be estimated from Equations and . The
maximum deviation £ (n) can be estimated by simultaneously minimizing the
error rate on one labeled set and maximizing the error rate in the other one.

This can be accomplished through the following procedure [? 7 |:

1. Generate a random labeled set Z,,, of size 2n.
Split the set Zs, into two sets of size n: Z. and Z2.

Flip the labels of the set Z!, to form zll.

- N

Merge the two sets: Z = Zi U Z2, and train the binary classifier with
the set Z.

5. Evaluate Z! and Z?2 with the trained classifier. Measure the difference

of the error rates between the two sets: £ (n) =| err (ZL) — err (Z2) |.

This procedure gives an estimate of £ (n) from which an estimate of h can

be obtained. In order to reduce the variability in the estimation, this proce-
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dure is repeated for different data sets varying the samples sizes ny, ..., ng.
Moreover, to reduce the variability due to the random samples, the procedure
is repeated several times (m;) for each sample set of size n;. The average
value for each experiment is taken for each n;: € (n1),...,€ (ng). The effec-

tive VC dimension can be estimated by finding the parameter A* that best
fits £ (n) with the theoretical formula ® (n/h), as follows:

= argoin 3 [€ (ng) = @ (ns/h)]° (5)

3. Multi-Objective Approach for Model Selection

The proposed approach formulates the model selection problem as a
multi-objective optimization one, where the training error and the model
complexity are considered as the objectives to be minimized. The general
diagram of our proposal is shown in Figure [I}

The process starts by creating an initial population. In our problem,
each individual in the initial population represents a potential model for a
classification task. After that, we compute the components to be optimized:
the training error and the model complexity, which is estimated in a general
fashion via the VC-dimension, as it is explained in Section [2] Next, the
models are evolved through by applying the evolutionary operators to create
an offspring population, which represents new potential models for the given
classification task. Thereafter, the models that satisfy the best trade-off
between the two objectives to be optimized are stored in an external archive.
This process is repeated until a stopping criterion is reached. At the end

of the search, a final classification model is constructed, which is used for



150 predicting the class labels of unknown samples.
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Figure 1: General diagram for the multi-objective model selection process.

151 In the proposed approach, we consider five different model types: support
152 vector machines (SVMs), neural networks (NNs), random forest (RF), j48
153 and random trees (RTs). All of these are available in the WEKA [? | toolbox,
s« and LibSVM [? ] for the SVM. Table [1| shows the learning algorithms



155 considered in our study. It also shows for each method the corresponding

156 hyper-parameters.

In the rest of the section we explain our proposal in

17 detail.
Table 1: Description of the learning methods considered in our study.

Learn. Alg. Hyper-parameters Description

J48 Confidence: A confidence threshold for prun- It constructs a pruned or
ing. unpruned C4.5 decision tree.
K: A minimum number of instances per leaf.

NNs Neurons: Number of neurons in the hidden It constructs a multi-layer
layer perceptron using the
Ir: Learning Rate for the backpropagation al- backpropagation algorithm.
gorithm.
Momentum: Momentum Rate for the back-
propagation algorithm.
Epochs: Number of epochs to train through.
Seed: The value used to seed the random
number generator.

RF Trees: Number of trees to build. It constructs a forest of random
K: Number of features to consider. trees.
Depth: The maximum depth of the trees.
Seed: The value used to seed the random
number generator.

RT K: Number of features to randomly investi- It constructs a tree that considers
gate. K randomly chosen attributes at
Depth: The maximum depth of the tree. each node. It does not perform a
Seed: Seed used for the random number gen- pruning step.
erator.

SVMs Kernel: The kernel type to be used. It constructs a support vector

d: The degree of a polynomial kernel.

~v: Gamma value of an RBF kernel.

B: A bias value in polynomial kernel.

C': The complexity constant.

Seed: Seed for the random number generator.

classifier.

18 3.1. Multi-Objective Fvolutionary Algorithms

150 A multi-objective optimization problem (MOOP) can be stated as follows:

minimize f (x) = [f1 (x), ..

subject to x € X

10

SACSIE

(6)
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€ R” is a decision variables vector, f;(x), i =

where x = [z1,...,2,)
1,...,1, are the objective functions, and X" is the set of feasible solutions.
When the objectives in an MOOP are in conflict, there is not a single
solution that would be the best for all of them. Pareto optimality provides a
framework for dealing with such cases. We say that a solution x! dominates

a solution x? (denoted by x! < x?) if and only if x! is better than x? at least

in one objective and it is not worse in the rest, i.e.,

Vi: f; (xl) <f; (XQ) ANTi:f; (Xl) < fi (XZ) (7)

A solution x* is Pareto optimal if there is not another solution x' € X
such that x’ < x*. The set of all Pareto optimal solutions is called Pareto
optimal set, and the image of this set in objective function space is referred
to as the Pareto Front.

Evolutionary algorithms are stochastic search techniques inspired in Dar-
win’s evolutionary theory. These algorithms have been successfully used for
solving MOOPs, mainly because they can obtain several elements of the
Pareto optimal set in a single run, and because they are less susceptible than
mathematical programming techniques to the shape and continuity of the
Pareto front [? ? |.

Since the seminal work of Schaffer [? |, a considerable number of multi-
objective evolutionary algorithms (MOEAs) have been proposed, such as:
Multi-Objective Genetic Algorithm (MOGA) [? ], Niched Pareto Genetic
Algorithm (NPGA) [? ], Strength Pareto Evolutionary Algorithm (SPEA) [?
], and its improved version SPEA2 [? |, Pareto Archived Evolutionary Strat-
egy (PAES) [? ], Non-dominated Sorting Genetic Algorithm (NSGA) [? |

11
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and NSGA-II [? ], and Multi-Objective Evolutionary Algorithm based on
Decomposition (MOEA/D) [? |, among others. A comprehensive review of
MOEAs can be found in [? 7 7 |.

In the context of multi-objective model selection, evaluating the objec-
tives is computationally expensive, inasmuch as each candidate model has
to be trained and tested, possibly several times. Furthermore, in the model
selection problem, the optimal model is unknown a priori. The latter makes
necessary that the generated solutions are diverse to each other in order to
use a posteriori processing for constructing a final model. Taking this infor-
mation into account, in this study we used MOEA /D, due to its high perfor-
mance over different difficult problems [? |. Additionally, MOEA/D has a
lower computational complexity than other MOEAs (such as the NSGA-II),

and is able to provide well-distributed solutions along the Pareto front [? .

3.1.1. MOEA/D

MOEA/D [? ] is one of the most recent MOEAs reported in the state
of the art. It is based on the idea of decomposing an MOOP into a number
of scalar objective optimization problems, also called subproblems, through
a weighted aggregation of the objectives. MOEA /D minimizes all these sub-
problems iteratively in a single run. A neighborhood relation based on the
distance of the aggregation weights vectors is defined among the subprob-
lems. The optimal solutions to two neighboring subproblems should be very
similar. Each subproblem has its best solution found so far in the population
and is optimized in MOEA /D by using information from its neighbors.

A description of MOEA/D is presented in Algorithm I} MOEA/D starts
by creating an empty external population (EP) (step 1), which is used

12
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to store the non-dominated solutions found so far during the search. In
MOEA/D, the T closest weight vectors in {A!,..., AV} to a weight vector A’
constitute the neighborhood of A’. Thus, for each vector \!, it is computed
the Euclidean distance between it and the others, and their T closest weight
vectors are determined, where 7" defines the neighborhood size. The indexes
of such T closest weight vectors are assigned to B (i) (step 2). Next, the
initial population of N individuals is randomly created (step 3). The indi-
viduals of the initial population are evaluated by using the fitness functions.
For each objective, the lowest value attained by the individuals in the initial
population is used to initialize a reference vector z (step 4).

The process to generate a new solution y comes here. To do this, the
parents are randomly selected from the neighborhood, to which evolutionary
operators (such as crossover and mutation) are applied to create y (step 7).
In case y violates any constraint, the next step consists of applying some
repair heuristic in order to make y a feasible solution y’ (step 8). Next,
reference vector z is updated in case an objective with a lower value is found
(step 9). After that, the neighboring solutions are updated by considering
all the neighbors of the i** subproblem and replacing x/ by y’ if y’ performs
better than x7 (step 10). The external population EP that was initialized in
step 1 is updated by the new generated solution if and only if this solution is
non-dominated with respect to those that are in £P. Moreover, if the new
solution dominates any of those stored in E P, such solutions are removed
from EP (step 11). Steps 7 to 11 are repeated while a stopping criterion is
not reached. A detailed description of MOEA /D is beyond the scope of this

paper, but interested readers are referred to [? | for more information about

13



2313 this approach.

Algorithm 1 MOEA/D [? |

Require: A stopping criterion,
N: number of subproblems considered in MOEA /D,
A uniform spread of N weight vectors: A!,... AN,
T: the number of weight vectors in the neighborhood of each weight
vector
Ensure: EP: an external population

1: Initialize EP — ()

2: Compute the Euclidean distance between any two weight vectors and then
work out the T closest weight vectors to each weight vector. For each ¢ =
1,...,N, set B(i) = {i1,...,ir}, where X,... AT are the closest weight
vectors to A%

Generate an initial population x!,...,xV
Initialize z = [21, ..., zp) by setting z; = minj<;<n f; (x')
while stopping criterion is not satisfied do
fori=1to N do
Randomly select two indexes k,l from B (i), and then generate a new
solution y from x* and x! by using genetic operators.
Apply a repair/improvement heuristic on y to produce y’.

9: Update z, for each j =1,...,m if z; > f; (y), then set z; = f; (y)

10: Update of neighboring solutions: For each index j € B (i), if
9" (y'M,z) < g (x’M,z) , then set x/ =y', FVJ = F (y/)

11: Update of EP: Add F (y’) to EP if it is non-dominated with respect to
the vectors stored in EP, and remove from E P the vectors dominated by
F(y').

12:  end for

13: end while

®

234 As evolutionary operators we used a differential evolution crossover-mechanism [?
235 |, and polynomial-based mutation [? ]. In the differential evolution operator
2 adopted ,each element y; of a new solution y = [y, ..., ¥s,] is generated as

27 follows:

14



238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

x; + F x (xf — :pz) with probability C'R,

iy with probability 1 — CR

where C'R and F' are two control parameters.
Polynomial-based mutation generates the new solution, y = [y1,. .., ¥y)

as follows:

y; + A; x (U, — Ly) with probability pm
Y = (9)

i with probability 1 — pm,

where pm is the probability of mutation, U, and L; are the upper and lower
bounds, respectively, and A; is a polynomial distribution for random numbers

generation in the following way:

(2 x rand)# -1 if rand < 0.5
Aj = (10)

1-[2x(1- rand)]ﬁ otherwise
where “rand” is a uniform random number in [0, 1], and 7 is the distribution
index for the mutation operator.

One of the key issues in MOEA/D is the method used for decomposing
the MOOP into a number of scalar objective problems. A simple method
in this regard is the weighted sum approach, but it has the disadvantage of
not being able to generate concave portions of a Pareto front [? |. We used
instead, the Tchebycheff approach [? |, due to the fact that it is more robust
to a concave shape of the Pareto front than the weighted sum approach.

However, any other decomposition approach could be used in MOEA/D.

15
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Using the Tchebycheff approach, an MOOP is decomposed into a N scalar

optimization subproblem as follows:

minimize g (x | A,2°) = max { | £ (x) — 2 |} (11)
where A = [A1,..., \,] is a weight vector, z* = [z1,..., z,] is a reference

point, and m is the number of objectives in the problem.

In the literature, several repair heuristics have been proposed [? |. Nev-
ertheless, we formulate the multi-objective model selection problem as an
unconstrained one. For this reason, a repair heuristic is not used in our
study; therefore, step 8 is not performed. The following sections explain the

proposed approach for multi-objective model selection using MOEA /D.

3.2. Representation

Evolutionary Algorithms work with a population of solutions. In our pro-
posed approach, each solution, also called individual, represents a potential
model for the classification task. As previously stated, the task approached
by our model selection proposal is to choose among a pool of learning al-
gorithms and their corresponding hyper-parameters. To achieve this task,
each model (the learning algorithm plus its hyper-parameters) should be en-
coded in a D-dimensional vector. In this study, each solution is encoded in
a 7-dimensional vector as follows:

i i i i
x' = xm,xhpl,...,xhpml} (12)

where z¢ controls the learning algorithm, and [x};pl, . ,xﬁlpD_l] represents

the hyper-parameters for the learning algorithm.

16
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Since the hyper-parameters are numerical values, and in order to have
them as accurate as possible, we used a real encoding for the individuals.
By applying the evolutionary operators, such as crossover (Eq. (8)) and
mutation, the individuals are evolved in an iterative process. One should

%
m?

note that there are some discrete variables, such as z! , which represent a
learning algorithm, or x};pm, which could represent a kernel type in the SVM
case. For the evolutionary operators, this type of variable is internally treated
as a real number, but we round it off to its nearest allowable discrete value.

From Table [I, we can observe that different learning algorithms require
different hyper-parameters. For example, in J48 two hyper-parameters are
considered, whilst in SVMs there are six hyper-parameters. Thus, z¢ and
the six hyper-parameters are the seven variables in our representation. The
configuration given by an individual and the training set are used to fit a
model.

The seven variables constitute the search space for our problem. An initial
population is created using the Latin Hypercube sampling technique [? |
with the aim of having a representative distribution of solutions in the search
space. Once the initial population is created, it is used for producing an
offspring population by applying the evolutionary operators until a stopping

criterion is satisfied, and a set of non-dominated solutions is obtained.

3.3. Fitness Functions

In the proposed approach, the model selection problem is tackled as a
multi-objective optimization problem, and an MOEA is used for solving it.
Since the search is based on a population of solutions, it is required to have

a way to measure how well a model performs in order to choose the best one.
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The fitness function is in charge of this, and its definition is a crucial issue
in model selection. One could try to estimate the effectiveness of the model
based on the error on the training samples, also known as empirical error,
and the optimization problem would try to minimize that error. Nonetheless,
this would result in optimistic estimations of model performance, and could
lead to highly complex models, causing the problem known as over-fitting.
In other words, the model has a good performance on the training samples,
but not on unseen samples (see [? ? ? | for more information about this
problem). To overcome this handicap, the model complexity should also be
controlled. Taking this into account, in this paper we propose not only to
minimize the error on the training data, but also to minimize the model
complexity.

The VC-dimension is a measure of the capacity of the model, which is
related to its complexity, and it is used in the present study. The fitness

functions defined for our problem are stated as follows:

1 N
== Ly
err = 2 (i, 47)

k
Lo . rA A 2
complexity = arg}rbmn Z € (n;) — @ (ny/h)]

=1

(13)

where NN is the number of samples in the training set, y; is the class label, y}
is the class predicted by the model, £ (y;,y}) is a loss function, £ (n;) is the
experimental maximum deviation error rate of two observed independent
labeled data sets, and ® (n;/h) is the expectation of the largest deviation
error between two sets (see Section 2] for details about complexity estimation).

We used the 0/1 loss function because it is well suited for classification tasks.
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The 0/1 loss function is defined as:

1 ifyi # v

0 ify =y
In consequence, the goal of performing this optimization is to simulta-
neously minimize the training error and model complexity. The outcome
of this optimization step is a set of potential models that satisfies the best
trade-off between the objectives, from which a model should be chosen. The

next section explains how we approach this issue.

3.4. Constructing a Final Model

Once the evolutionary search is completed, a set of non-dominated so-
lutions is obtained. Mathematically, all of them are equally acceptable so-
lutions of the multi-objective optimization problem and, in our case, each
of them represents a potential model for a given classification task. There-
fore, it is desirable to select one model to be used to predict new samples
from such set. In model selection for classification tasks, we have to choose
the model with the highest possible generalization capability. Nevertheless,
it is not clear what classification model from the non-dominated set is the
“best” one. In this paper, we studied three strategies for constructing a final

classification model, which are explained in the rest of this section.

3.4.1. Choosing a Single Model
As we previously stated, for our problem we seek the solution with the
best possible generalization ability. In order to identify such solution, we

studied the performance of the non-dominated solutions on unseen samples.
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Figure 2: Behavior of non-dominated solutions on training samples and test samples

We noticed that the best solutions are those located at the knee of the curve,
while solutions with low complexity and high complexity lead to models
with a poor generalization performance. Both problems are well-known in
machine learning as under-fitting and over-fitting, respectively. Figure
depicts an example of this behavior for a particular case. It also shows the
trade-off between the training error and the model complexity, such that by
increasing the model complexity, the training error is reduced.

We empirically found that in most cases, the solution with a good gen-
eralization performance is the one nearest to a reference point z*, which is

defined as:
z = min f; (') for j ={1,2} (15)
where L is the cardinality of the non-dominated set.

As it is shown in Figure [2] the objectives are measured in different scales.
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In order to avoid that one objective has a higher impact than the other one in
the distance computation, both objectives are firstly normalized in the range
0 to 1. Subsequently, the Euclidean distance is computed on the normalized
objective vector. In the end, the closest solution is ChosenEL and is used
to predict future samples of the problem. One should note that since the
objectives are normalized, the reference vector z* corresponds to the (0,0)
point. Figure [2| shows with a triangle the solution that would be chosen with
this strategy.

3.4.2. Ensemble of the Whole Non-Dominated Front

Ensembles of classifiers are based on the idea of combining the predicted
outputs from different individual classification models. They have been suc-
cessfully used for improving the performance of individual models [? 7 ]. One
should remember that the output of the MOEA is a set of non-dominated
solutions. Based on this, one might ask why not to construct an ensemble
with the potential models (solutions) in the non-dominated front instead of
choosing a single model.

Now the problem is to determine which models should be used in the en-
semble. In the absence of knowledge about the preferences, all non-dominated
solutions are equally good. With these ideas in mind, we used all of them for
constructing an ensemble. One should recall that the non-dominated front
could contain models with a very low complexity or a very high complexity,

which could lead to over-fitted and under-fitted models, respectively. In a

1One should note that this is a suggestion. If the model, however, does not satisfy the
performance requirements, any other solution can be chosen from the non-dominated set
without performing a new search.
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majority vote scheme all models are equally important, even those whose
generalization performance could not be good enough. For that reason, we
argue in favor of a weighted linear combination approach over a majority vote
on(ﬂ This is because models with a less satisfactory performance are kept in
the ensemble, but with a lower weight. Therefore, the final prediction given
by the classification model would consist of a weighted linear combination of

the individual predictions, as follows:

L
yo=) wiyl (16)
i=1

where L is the number of single classification models, and is equal to the
cardinality of the non-dominated set, y; is the prediction given by the i"
single model, and w; is the weight associated to that model. The weight
vector w = [wy,...,wy] is a normalized vector, whose values depend on the
distances between the reference point (defined by Equation ) and the

potential solution. The normalized weight vector is computed as follows:

1
d;

L
YT

where d; is the Euclidean distance between the j* solution and the reference

(17)

Cdj:

point z*.
Alternatively, one could think in exploring other well-known ensemble
techniques, such as bagging or boosting, or even trying to optimize the en-

semble performance. Nevertheless, the main focus in this stage of our study

2Please note that the majority vote ensemble is a special case of the weighted linear
combination approach.
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is not the ensemble itself, but the optimization of the hyper-parameters for
the classifiers. Our aim is to find the hyper-parameters that satisfy the best
trade-off between the objectives, as well as to find ways to construct a classi-
fication model from the resulting non-dominated front, which could then be
used for the prediction of unknown samples. These issues could be explored

as part of our future work.

3.4.3. Ensemble of Some Solutions in the Non-Dominated Front

It is well-known from machine learning that for constructing an ensemble,
two conditions have to be satisfied: the individual models should be accurate
(i.e., the performance should be better than a random guessing), and they
have to be diverse (i.e., single models should incur in different errors on new
samples) among them [? ]. This issue is explored in the third strategy for
the final model construction. Therefore, for constructing an ensemble in this
third strategy, we need to choose a subset of potential models in the non-
dominated front, such that these models are accurate and diverse among
them.

We would like to remark that the models were optimized during the op-
timization step, and the ones that satisfy the best trade-off are obtained as
a result of this. Thus, we can assume that the models in the resulting non-
dominated set are accurate (i.e., their performance is better than a random
one). By making this, the problem is reduced to choosing a subset of these
models that are as diverse as possible among them, which are used in the
ensemble. In order to determine such subset, a forward aggregation approach
is used. In the forward aggregation approach, we start by adding the solution

closest to the reference point, z* (as it was defined in Equation (L5))). After
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that, a second model that maximizes the diversity is added, followed by a
third model and so on. This process is repeated while the diversity among
the models is not deteriorated.

Under the adopted approach, a diversity measure is required. There are
a number of diversity measures reported in the literature, and a review of
these can be found in [? ]. In this study, we used one based on entropy, but

any other can also be used. This measure is defined as follows:

1

1 & .
E = N;L_—%]mm{l (s)), L —1(s;)} (18)

where N is the number of samples, L is the number of individual models,
and [ (s;) is the number of models that correctly predict the sample s;. This
measure ranges between 0 and 1, where 0 indicates no difference and 1 is the
highest possible diversity.

Finally, the prediction given by the ensemble is based on the weighted
linear combination of the predictions of the individual models, as it is shown

in Equation ({16]).

3.5. Final Remarks

One should note that under the proposed approach the expert’s knowl-
edge is not exploited. This could be a key issue in order to improve the
performance of the models. In the agnostic learning vs. prior knowledge
challenge [? | it was shown that, even when prior knowledge outperforms
agnostic learning for most of the problems, there were some problems for
which agnostic learning performs better than prior knowledge. In conse-

quence, it is difficult to know when it is going to be better to use this kind of
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knowledge. Based on the results of this challenge, the organizers concluded
that the agnostic learning approach is very powerful. Furthermore, there are
cases in which this knowledge could not be available. For these reasons, we
bet in favor of not using expert’s knowledge.

Notwithstanding, if prior domain-knowledge is available, this could be
integrated in several manners in the proposed approach. For example, based
on the characteristics of the problem at hand, an expert could suggest that a
particular learning algorithm would be more suitable than the others. This
suggestion could be used for fixing a prior:i the learning algorithm. Thus,
the search would be performed under its hyper-parameters set, reducing the
search space. The expert’s knowledge could also be used for choosing a single
solution from the non-dominated front. Another way in which prior knowl-
edge could be used would be during the ensemble construction, through the
assignment of weights to each classifier. For our experiments, we assumed
that expert’s knowledge is not available. Next section describes the experi-

ments and results obtained by our proposal.

4. Experiments and Results

In this section, we describe the experiments performed as well as the re-
sults obtained by our proposal using a benchmark test suite. We present
a comparative study between the three proposed strategies for construct-
ing a final classification model from the resulting non-dominated front. We
also present statistical tests to validate our results when compared to other

approaches reported in the specialized literature.
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4.1. Ezxperimental Settings

In order to evaluate the feasibility of our proposal in the model selection
problem, we used the IDA benchmark?| data sets introduced by [? ]. This
benchmark is well-suited for this purpose and it has been widely used in
several related studies (e.g. [? 7 7 7 7 ? |). Table [2 describes the suite
of thirteen benchmark data sets, which are diverse in the number of samples
and features. These data sets correspond to binary classification problemsﬂ
and have been previously pre-processed in [? |, in which the samples with
missing values have been removed and all features have been standardized,
i.e., all features have mean zero and a standard deviation of one.

The typical experimental protocol used with this benchmark was intro-
duced by [? |, and is sometimes called the median protocol. The median
protocol consists on performing the model selection on the first five parti-
tions. After that, the median values of the hyper-parameters resulting from
those partitions are taken, which are used to estimate the error rate for each
partition. However, this protocol can introduce an optimistic bias into the
performance estimation [? |. In order to overcome this bias in the perfor-
mance evaluation, the model selection process is performed independently
for each partition of each data set; this protocol is known as the internal
protocol. The use of the internal protocol leads to a total of 1140 model
selection experiments.

The parameters configuration used in our experiments is the following.

3 Available at http://www.raetschlab.org/Members/raetsch/benchmark

4Without loss of generality, the experiments are performed on binary classification
problems. Multi-class classification problems can be approached with multiple binary
classifiers.
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Table 2: Details of the data sets used in our experiments. The table shows the number
of features for each data set and the number of instances for training and testing for each
replication of each data set.

ID Data set Feat. Training Testing Replications
Samples Samples
1  Banana 2 400 4900 100
2 Breast Cancer 9 200 7 100
3 Diabetes 8 468 300 100
4 Flare Solar 9 666 400 100
5  German 20 700 300 100
6  Heart 13 170 100 100
7 Image 20 1300 1010 20
8  Ringnorm 20 400 7000 100
9  Splice 60 1000 2175 20
10 Thyroid 5 140 75 100
11 Titanic 3 150 2051 100
12 Twonorm 20 400 7000 100
13 Waveform 21 400 4600 100
For the differential evolution crossover, we fixed the value of F' = 0.5,

CR = 0.7. With respect to the mutation operator, the mutation proba-
bility pm was fixed to 0.1 and index distribution to 20. These parameters
were experimentally tuned by evaluating the performance under each con-
figuration of pm = {0.1,0.2,0.3}, CR = {0.5,0.6,0.7,0.8,0.9}, and F =
{0.3,0.4,0.5,0.6,0.7} on the first five partitions of splice data set, one of the
largest both in number of training samples and features. The stopping crite-
rion is defined as performing 1,000 fitness functions evaluations. To achieve
this, the population size is set to 20, and the number of generations to 50.
Moreover, the VC-dimension for each model is estimated experimentally.
Thus, it is required to train and to test a number of times each model. In

our experiments, we fixed this number to 10. Next, we present the results
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reached by our proposal, comparing the proposed strategies for a final model
construction and with other evolutionary and non-evolutionary approaches

for model selection.

4.2. Ezxperimental Results and Discussion

In this section, we present the results obtained by our proposal (MOMTS,
Multi-Objective Model Type Selection) so as to demonstrate its feasibility
for the model selection problem. Table |3 shows the average error rates and
standard deviations on the test sets attained for the three proposed strategies
for constructing a final model, i.e., choosing a single model (MOMTS-S1),
ensemble of the whole non-dominated front (MOMTS-S2), and the ensemble
of some solutions in the non-dominated front (MOMTS-S3). As a baseline,
we report the results obtained by using random forest (RF) with its default
hyper-parameters, which is a standard learning algorithm based on an en-
semble of decision tress.

We compare our results with those reported by Cawley and Talbot [?
|, who used Bayesian regularization at the second level of inference, adding
a regularization term in the model selection criterion. Furthermore, in or-
der to make a fair comparison, we also performed experiments consider-
ing approaches that consider different learning algorithms and their hyper-
parameters during the model selection process. For that sake, we used
PSMS [? | and SUMO [? ], which are two evolutionary approaches that were
proposed for model selection. PSMS is a single-objective approach based on
a particle swarm optimizer that minimizes the error rate estimated through
k fold cross validation. SUMO adopts a genetic algorithm as a search engine

and the fitness function can be defined as minimizing some measure obtained
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via some evaluation strategy; in our case the measure was fixed to be the er-
ror rate and the evaluation strategy to be the k fold cross validation. In both
cases, the number of particles/individuals was set to 20, and the number of
iterations/generations to 50, resulting in 1,000 fitness function evaluations.
This is the same number of fitness function evaluations set for our proposed
approach. The reference results used the same 100 partitions (20 in case of
the image and splice data sets) for training and testing, and also used the
same experimental protocol (i.e., the internal protocol), making the results
directly comparable.

Figure 3| shows the non-dominated fronts generated by our proposal for
some data sets in a particular trial. It is expected that these non-dominated
fronts are an approximation to the true Pareto front. We can observe that
different solutions are distributed along the non-dominated front. We can
also note that the non-dominated front is formed by solutions that represent
different learning algorithms. KEach one of these solutions corresponds to
models with different levels of complexity. Although, in some cases, a learning
algorithm is represented by more than one solution, these correspond to
different configurations of its hyper-parameters, which could lead to diverse
models. Thus, in the resulting non-dominated front there are models, which
are learned by different learning algorithms with a different hyper-parameters

configuration]

5The full list of the models generated by our proposed method for each partition of each
data set is available at http://ccc.inaoep.mx/~arosalesp/Resources/Models.zip

29


http://ccc.inaoep.mx/~arosalesp/Resources/Models.zip

30

96z°0 F G601 €P00T €66  0STOTFPETT 0900 F8L'6 SCE0T08CT ¥H0O0 T SL6 TL0°0 F L€l ULIOJOARAN
6L00F0L'G GLTOFELE  CCGOTFITS TTOOFCET LZT0OF60C 1200 F ST 7L0°0 F 206 TWIOTOM T,
00T'0 F22'2¢ S80°0F80TT LIT0FEGOT €3G0F 66T €6T0FSTFE 0210 F 643 V10 F 16708 oTURYL],
FEOFITO FE6TOFO00F 0SC0TFSFO Pag0TF ST GEc0F o8y  SIT0TFEYT €L3°0 F 68°C proafy,
6920 F IL'9 O9STOFF8F €LE0TFEFL OFT0OF V60T F2E0TFEIFT ¥ST°0F 16701 012°0 F 05'S oo11dg
VOT0OFT0E  FLOOF6VT  6L00F99C TLOOFTLT 0990FS6L STOOFIOT G60°0 F LG'6 uLousury
TOFE0E €T0FVCT  92C0TF6LE 9CT0OFCHE TITOF06C FST0F067C G600 F 60T ogey
TCE0FGLST TFCOTFSPOT  TFGOTFFIEC GGE0F L9LT PE€90F 6907 SFEOT6T9T  T8€'0 T 92°0T ARLCE)S |
8IT'0 F68°GC TCT0FLIET VLZOTFO0LSE €IC0TFESET 0CL0TFOT08 9TTO0F6SET  0FC0FIT'ST URULION)
VITOTFCSTe 6810 F6SFE  F2C0F06'FE €LG0TFLF'SE €LT0TFISTE TLTOTFL0FE  €LT0TF F19¢ Te[0g OTe[ ]
VIZ0F 996C PLT'OF8OET SICOFFESE LLTOTF6V'EC 6SC0F 90°LE 99T°0 F V1'€T 2120 F €8°GT sojaqeI(]
9L0°0 F28LC €6S0F T9°GT 98L0F 6863 SYF0TFLT9T 8G90 FT0°EE T67'0F 80'LT ZIV0F V6L T00uR)) jsealq
09T0F16CT 9%0°0 F8FOT SOT0TFPEFT FLO0O F8S0T €800 F8O'TT 0500 F 6501 690°0 T FTET vuRIRg
€S-SIINOIN  TS-SLINOIN  IS-SLINOIN [ omns [ & SINsd [ &] MI-INAS-ST A4 108 ®IR(

"'90eJPIOQ Ul UMOYS SI }0S B)RP [O®d I0J J[NSI 180q O, "10S eIep [oed Jo suorjeordor
0Z I0 QT OU} ISAO S39S 1S9 UO JIOLId PIEpPUR)S PUR 9FeIoAr oY) oIe synsal paytodal oy, ‘OJNNS Pue ‘SINSJ ‘Uoryezirengol
uersodeg Suisn WAS-ST ‘(JdY) 38010] wopuel Aq poureqo asot) pue ‘gpeoidde pesodoid oty Aq pourejqo symsey] :¢ ORI,



542

543

544

545

546

547

548

549

Error Error
3 P

0.190 0.170
r z = 48 = a8
0.175 4 Random Tree 0.158 L + Random Forest
¢ Neural 4 Random Tree
0.160 0.146 a * Neural
0.145 0.134
0.130 0.122
&
.
0.115 - 0.110
A
0.100 0.098
i
4 .
0.085 . 0.086 L)
i .
0.070 . 0.074 .
0.055 0.062
.
0.040 » VC-Dim. 0.050 > VC-Dim.
0 17 34 51 68 85 102 119 136 153 170 0 145 290 435 580 725 870 1015 1160 1305 1450
(a) Breast-Cancer (b) german
Error Error
0.500 % 0.0350
0.450 ¢ Random Forest iidiE L
* Neural
0.400 0.0280
0.350 0.0245
0.300 0.0210
0.250 0.0175
0.200 0.0140
0.150 . 0.0105
0.100 . 0.0065{"
=
0.050
).(] )
1 ] ~a b 0.0030 u
5 ¢ - » VC-Dim. 0 » VC-Dim.
0 100 200 300 400 500 600 700 800 900 1000 0 26 52 78 104 130 156 182 208 234 260
(c) splice (d) twonorm

Figure 3: Non-dominated fronts generated from a particular trial of the proposed method.
The solutions in the non-dominated front represent different learning algorithms with
different hyper-parameter configurations.

4.2.1. Comparison of Strategies for Constructing the Final Model

The results of the proposed strategies for constructing a final model are
shown in the last three columns of Table [3] The results of the ensemble ap-
proaches outperformed those obtained when a single model is chosen in most
cases. The single model was better than the ensemble of some solutions in
the non-dominated front in 2 out of 13 data sets (ringnorm and twonorm
data sets). This seems reasonable insomuch as it is well-known that using an

ensemble of models helps to improve the predictions. Between the two en-
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sembles approaches, the one based on the whole non-dominated front showed
better results in 12 out of 13 data sets.

An ANOVA statistical test with a 95% of confidence is applied so as
to determine if the difference between the proposed strategies is significant,
and Tukey’s test is used as a post-hoc test. The results obtained by this
test are shown in Table In this table, we can note that the analysis of
variance showed a statistical significance difference for most of the data sets,
except for the flare solar one, to which the post-hoc test is not applied.
According to the pairwise comparisons, we can also note that the ensemble
of some solutions of the front (MOMTS-S3) performs significantly better
than the single model approach in 6 out of 13 data sets (banana, diabetes,
german, heart, image, and titanic). On the other hand, the ensemble of the
whole front (MOMTS-S2) showed to be significantly better than the single
model approach in 10 out of 13 benchmark data sets (banana, breast cancer,
diabetes, german, heart, image, splice, thyroid, titanic, and waveform), and
also significantly outperformed the ensemble of some solutions approach in
10 out of 13 data sets (banana, diabetes, german, heart, image, ringnorm,
splice, thyroid, twonorm, and waveform). It seems clear that the ensemble
of the whole front approach is the best of the three approaches. However,
for assessing the statistical difference among them over the different data
sets, Demsar [? | recommends the Friedman’s test for comparing multiple
classifiers over multiple data sets. This test is performed with a 95% of
confidence, and the Nemenyi test as the post hoc test. According to these
tests, the ensemble of the whole front approach is statistically superior to the

others.
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Table 4: F-statistic obtained from the ANOVA test and g-values from the Tukey HSD
test for performing all possible pairwise comparisons among the proposed strategies for a
final model construction. The critical values at the 0.05 level for ANOVA test are 3.16
(F (2,57)) for the image and splice data sets and 3.03 (F'(2,297)) for the rest. The critical
values at 0.05 level for the Tukey HSD test are 3.41 for the image and splice data sets (57
degrees of freedom) and 3.34 for the rest of the data sets (297 degrees of freedom). Cases
that exceed the critical value are considered as a difference that is statistically significant
at the fixed level and are marked with an asterisk (*).

q Tukey HSD

ANOVA MOMTS-S1 vs. MOMTS-S1 vs. MOMTS-S2 vs.
Data Set F MOMTS-S2 MOMTS-S3 MOMTS-S3
Banana 294 .899* 33.967* 12.584* 21.384*
Breast Cancer  10.178* 6.380* 3.085 3.294
Diabetes 117.12* 21.643* 11.027* 10.616*
Flare Solar 0.932 —— —— ——
German 93.107* 19.293* 10.042* 9.251*
Heart 72.394* 16.734* 11.032* 5.705*
Image 14.221* 7.542* 3.698* 3.844*
Ringnorm 5.690* 1.499 3.173 4.672*
Splice 22.736* 9.238* 2.568 6.670*
Thyroid 19.140* 8.110* 1.210 6.900*
Titanic 575.616* 42.203* 40.876* 1.328
Twonorm 3.939* 2.864 0.948 3.812%
Waveform 15.937* 7.731% 2.138 5.593*
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4.2.2. Comparison with Other Model Selection Approaches

Table 3| also shows the performance of random forest (RF), LS-SVM with
Bayesian Regularization (LS-SVM-BR), which uses a radial basis function
kernel reported by [? |, as well as the results obtained with the application
of PSMS and SUMO in the benchmark data sets. Due to the fact that the
best results of our proposal were reached with the ensemble of the whole non-
dominated front (MOMTS-S2), this approach is used for the comparison.

First, we compare with random forest (RF), which is used as a baseline
to evaluate the benefits of performing model selection. From the reported
results in Table [3, we can note that our proposal outperformed RF in 12 out
of 13 data sets, being the image data set the only one in which RF performed
better than our proposal.

Comparing the ensemble of the whole non-dominated approach (MOMTS-
S2) with LS-SVM-BR, we can note that our proposal obtained better results
in 7 out of 13 data sets (banana, breast cancer, diabetes, image, splice, thy-
roid, and titanic), but it was outperformed in the rest of the data sets. In
addition, it is worth noting that an improvement of more than a 6% was
reached in the splice data set.

With respect to PSMS, a single-objective approach that considers dif-
ferent learning algorithms and hyper-parameters selection, we note that our
approach performed better than PSMS in 12 out of 13 benchmark data sets.

Comparing MOMTS-S2 with SUMO, another evolutionary approach for
model selection, we note that MOMTS-S2 got better generalization perfor-
mance on 10 out of 13 data sets.

Regarding statistical assessment, we applied the ANOVA test with a 95%
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of confidence to compare the performance of the model selection approaches:
LS-SVM-BR, PSMS, SUMO, and MOMTS-S2. Inasmuch as our goal is to
compare the performance of the proposed approach with the reference results,
the Dunnett’s test is used as the post-hoc test. These statistical tests were
conducted independently for each data set. The results of these are shown in
Table [ from which we can note that, for all cases, the analysis of variance
revealed that there is a statistically significance difference at the 0.05 level,
i.e., p < 0.05. Thus, the post-hoc test is applied.

According to the results shown in Table 5] statistical tests indicated that
the proposed approach significantly outperformed LS-SVM-BR in 2 data sets
(image and splice), and it was significantly outperformed in one data set
(twonorm). Regarding SUMO, our method performed significantly better in
5 out of 13 data sets (banana, flare solar, splice, thyroid, and titanic), and it
was significantly outperformed in the twonorm data set. On the other hand,
our approach significantly outperformed PSMS in 10 of the benchmarks data
sets (banana, breast cancer, diabetes, german, heart, image, ringnorm, splice,
titanic, and waveform data sets), but it was significantly worse than PSMS
in the twonorm data set.

Overall, our ensemble approach was able to get lower error rates than the
other model selection methods in 7 out of 13 data sets, while the Bayesian
regularization approach did the same in 5 out of 13 data sets, and SUMO
in 2 out of 13 data sets. There is not a clear advantage of LS-SVM-BR and
MOMTS-S2 when multiple data sets are considered. In order to statistically
assess the four model selection approaches over the suite of 13 benchmark

data sets, the Friedman test with a 95% of confidence was used. As a post-
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Table 5: F-statistic obtained from the ANOVA test and t4-values from Dunnett’s test
when MOMTS-S2 is compared with LS-SVM-BR, PSMS, and SUMO. The critical values
at the 0.05 level for the ANOVA test are 2.72 (F'(3,76)) for the image and splice data sets
and 2.63 (F (3,396)) for the rest. For Dunnett’s test, the critical values at the 0.05 level
are 2.40 for the image and splice data sets (76 degrees of freedom) and 2.36 for the rest of
the data sets (396 degrees of freedom). Cases that exceed the critical value are considered
as a difference that is statistically significant at the fixed level and are marked with an
asterisk (*).

ANOVA MOMTS-S2 versus

(F-value) (tq Dunnett)
Data Set F LS-SVM-BR  PSMS SUMO
Banana 17.594* 1.191 6.513* 4.346*
Breast Cancer  37.582* 1.875 9.438* 0.841
Diabetes 94.396* 0.216 14.239* 1.466
Flare Solar 38.338* 1.130 0.478 8.435*
German 62.129* 0.138 11.188* 0.280
Heart 23.938* 0.488  7.080* 2.001
Image 6.543* 3.605* 3.605* 1.156
Ringnorm 83.108* 1.862 11.621* 1.629
Splice 377.328* 20.560* 33.152* 20.660*
Thyroid 2.881* 2.042 1.036 2.752*
Titanic 445.726* 1.250 5.150* 31.664*
Twonorm 20.588* 5.683* 4.086* 7.534*
Waveform 78.231% 0.631 12.074* 0.631

hoc test, we used the Bonferroni-Dunn test, to compare the performance of
our proposal (MOMTS-S2) with the references. According to these tests,
MOMTS-S2 is statistically better than PSMS, but there is not a statistical
significance difference between MOMTS-S2 and LS-SVM-BR and MOMTS-
S2 and SUMO.

Another aspect to take into consideration is the computational cost of
the methods. In this regard, we compare the execution time required by
our proposal against PSMS and SUMO. The average execution time of our

proposal (MOTMS) was 54.29 minutes, whilst PSMS and SUMO required,
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respectively, 30.36 and 31.90 minutes on average. As one could note, our
proposal is more time-consuming than the others. This is due to the fact that
under the proposed approach two objectives have to be evaluated, while in
PSMS and SUMO only a single objective is evaluated. In our case, estimating
the model complexity through the VC-dimension implies to train and to test
a model a number of times (10 times, according to the parameter that we
used). Measuring the training error also implies to train and test such model.
Hence, evaluating both objectives involves training and testing the model.
This could represent a disadvantage with respect to the others, in terms of
computational cost. Notwithstanding, we can argue that the task of model
selection can be performed off-line. Moreover, since the models are in the
non-dominated set, several strategies for constructing a final classification
model can be performed without significantly increasing the computational
cost. In addition to this, our proposal (MOTMS) has the advantage of getting
highly competitive models, outperforming SUMO and PSMS in most of the

data sets.

4.2.8. Discussion

From the experimental results shown in Table [3| we can note how over-
fitting can be present in model selection. Among the three strategies for
constructing a final model, those based on ensembles proved being benefi-
cial, reducing the over-fitting effect. In spite of this, we cannot say that
ensemble approaches completely solve the problem. We can also note that in
most cases, the use of the solutions in the whole non-dominated front in an
ensemble achieved a better generalization performance than when a subset

of these are considered for the ensemble. This is a surprising result, since it
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was expected that by taking into account the diversity as a criterion for the
ensemble construction, a better performance would be attained than when
not doing so. Observing the diversity between both approaches, we noted
that the whole non-dominated approach has better diversity, whereas the
ensemble of a subset of solutions approach gets trapped in a local optimal
solution.

A comparison with random forest (RF') showed the benefits of performing
model selection against not doing so. This is specially remarkable in the
ringnorm, splice, and twonorm data sets, in which an improvement above a
4% is reached. Even though a simple RF outperformed our proposal in the
image data set, a pairwise comparison did not show a statistical significant
difference between both. Therefore, it is worth performing the computational
effort in order to construct a reliable classification model.

The ensemble of the whole front of the proposed approach (MOMTS-S2)
significantly outperformed LS-SVM-BR on three benchmark data sets, but
it was significantly worse in one data set. The greatest improvement was
obtained in the splice data set, reducing the error rate in 6.07%. The great-
est degradation was on the twonorm data set, with a difference of 0.89%.
In spite of this, the overall performance of both approaches was similar.
Neither the reference nor the proposed approach were significantly better
than each other. It is interesting to note that MOMTS-S2 does not out-
perform LS-SVM-BR, which is a model selection method of the state of the
art. This is due to the fact that MOMTS-S2 deals with different model
types and their corresponding hyper-parameters. Nevertheless, we can argue

that in LS-SVM-BR there are only two parameters to be optimized, while in
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MOMTS-S2, seven parameters are taken into consideration, which consider-
ably increase the search space and makes it harder to reach the “optimal”
solutions with a lower number of iterations. Moreover, we gain generality
without significantly over-fitting the models.

The experimental evaluations showed that MOMTS-S2 significantly out-
performed PSMS. Although there was not a statistical significant difference
between MOMTS-S2 and SUMO, when different data sets were considered,
MOMTS-S2 significantly outperformed SUMO on several data sets. This
gives evidence about the suitability of using a multi-objective approach in
contrast to a single-objective approach, in spite of the computational cost of
doing so. The experimental results showed that only minimizing the error
rate estimated through k-fold cross validation could lead to choose a model
with a small degree of over-fitting. In spite of this, the k-fold cross validation
approach has the advantage of being free from the model assumptions, which
makes it applicable to any learning algorithm and feasible to the full model
selection formulationﬂ On the other hand, the use of the VC-dimension for
controlling the model complexity, and avoiding over-fitting, as much as pos-
sible, also shows its potential for being applicable to different model types.
Therefore, we believe that this approach can also be applicable to the full

model selection formulation.

SThe full model selection formulation consists of the task of finding the best combi-
nation of pre-processing, feature selection, and learning algorithms together with their
parameters [? 7 |.
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5. Conclusions and Future Work

In this paper, we have proposed a multi-objective approach for dealing
with the problem of model selection. Our model selection approach takes
into account both the learning algorithm and the hyper-parameters during
the search process. We defined the training error, or empirical error, and
the model complexity, which is estimated through the VC dimension, as the
objectives to be optimized. The adopted formulation showed the following
advantages: (i) the experimental way for measuring the VC dimension allows
us to consider different learning algorithms in a general framework, and makes
the method applicable to the full model selection problem; (ii) our proposal
had a competitive performance over different benchmark data sets, making
it applicable to problems from diverse domains; and (iii) the multiple non-
dominated solutions obtained through the multi-objective formulation makes
it easy to extend it to ensembles of models.

The experimental results showed that constructing an ensemble of mod-
els performs better than choosing a single model. Furthermore, the ensemble
approach showed to be effective for reducing the effect of over-fitting. The ad-
vantages of the multi-objective approach over a single-objective formulation
such as PSMS were also supported by the experiments. The experimental re-
sults also show that highly competitive classification models were generated
by our proposal, without significantly degrading the performance in most
cases. Hence, we can conclude that our proposed approach can be an useful
framework for model selection in real world problems.

In the proposed approach, the VC dimension is experimentally estimated,

making it computationally expensive. Alternatives such as approximating
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this value through surrogate-assisted evolutionary computation, or comput-
ing it using parallel computing would be interesting paths of future research.
Other future research directions also include the extension to the full model
selection problem, i.e., considering feature selection and data pre-processing
into the model selection process. Studying more effective ways for construct-
ing an ensemble (possibly) by using a second level of optimization would be

another interesting direction for future research.
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