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Abstract

The succesof the Particle Swarm Optimization (PSO) algorithm as
a single-objectie optimizer (mainly whendealingwith continuoussearch
spaceshasmotivatedresearcher® extendtheuseof this bio-inspiredtech-
nigueto otherareas.Oneof themis multi-objective optimization. Despite
thefactthatthefirst proposabf aMulti-Objective Particle SwarmOptimizer
(MOPSO)is over six yearsold, a considerablenumberof otheralgorithms
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have beenproposedincethen. This papempresent& comprehensk review

of thevariousMOPSOseportedn thespecializediterature.As partof this

review, we include a classificationof the approachesandwe identify the
main featuresof eachproposal. In the last part of the paper we list some
of the topicswithin this field thatwe consideras promisingareasof future
research.

1 Intr oduction

Optimizationproblemghathave morethatoneobjectve functionarerathercom-
monin every field or areaof knowledge. In suchproblems the objectvesto be
optimizedarenormally in conflict with respecto eachother which meansthat
thereis no singlesolutionfor theseproblems.nsteadwe aimto find good“trade-
off” solutionsthatrepresenthe bestpossiblecompromisesmongthe objectves.

Particle Swarm Optimization(PSO)is a heuristicsearchtechnique(which is
consideredas an evolutionary algorithm by its authors[18]) that simulatesthe
movementsof a flock of birds which aim to find food. The relative simplicity
of PSOandthe factthatis a population-basetechniquehave madeit a natural
candidateo be extendedfor multi-objective optimization.

MooreandChapmarproposedhefirst extensionof the PSOstratayy for solv-
ing multi-objectiveproblemsin anunpublishednanuscripfrom 1999 [41]. After
this earlyattempt,a greatinterestto extendPSOaroseamongresearcherdyut in-
terestingly the next proposalwas not publisheduntil 2002. Neverthelessthere
arecurrentlyovertwentyfive differentproposalof MOPSOseportedn thespe-
cializedliterature.This paperprovidesthefirst surwey of thiswork, attemptingo
classifytheseproposalsaandto delineatesomeof the potentialresearctpathsthat
couldbefollowedin thefuture by researcherm this area.

Theremaindeof this paperis organizedasfollows. In Section2, we provide
somebasicconceptgrom multi-objective optimizationrequiredto make thepaper
self-containedSection3 present&nintroductionto the PSOstratgy andSection
4 presents brief discussioraboutextendingthe PSOstratayy for solving multi-
objective problems. A completereview of the MOPSOapproachess provided
in Section5. We provide a brief discussioraboutthe corvergencepropertiesof
PSOandMOPSOQin Section6. In Section7, possiblepathsof futureresearclare
discussednd,finally, we presenbur conclusionsn Section8.

This paper may be found in the EMOO repository located at:
http://delta.cs.cinvestav.mx/"ccoe llo/EM OO/
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Figurel: Dominancerelationin abi-objectve space.

2 BasicConcepts

We areinterestedn solving problemsof thetypé?:

minimize f(Z) := [f1(Z), f2(), .. ., fe(@)]

subjectto:
G(@) <0 i=1,2,...,m
hz(f) =0 1= 1,2,...,p
wherez = [xl,azg,...,xn]T is the vectorof decisionvariables,f; :

¢ = 1,...,k arethe objectve functionsand g;, h; : R" — R, i
j = 1,..., p aretheconstrainfunctionsof the problem.

1)
(2)
3)
: R® —» R,
= 1,...,m,

To describethe conceptof optimality in which we areinterestedwe will in-

troducenext afew definitions.

Definition 1. Giventwo vectorsz,7 € RF, we saythatz <  if

r; <y for

1 =1,..., k, andthatZ dominatesy (denotedoy ¥ < ¥) if ¥ < y andZ # .

Figurel shavs a particularcaseof thedominancerelation in the presencef

two objective functions.

Definition 2. We saythata vectorof decisionvariables¥ €¢ X ¢ R" is non-

dominated with respectto X, if theredoesnot exist another?’ €

2Without lossof generalitywe will assumeonly minimizationproblems.
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Figure2: TheParetofront of a setof solutionsin atwo objectve space.
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f(@) < f(Z).

Definition 3. We saythata vectorof decisionvariables?* € F C R" (F isthe
feasibleregion)is Pareto-optimal if it is nondominatedvith respecto F.

Definition 4. ThePareto Optimal SetP* is definedby:

P* = {Z € F|Z is Pareto-optima}
Definition 5. ThePareto Front PF* is definedby:

PF* = {f(7) € R¥|7 € P*}

Figure 2 shaws a particularcaseof the Pareto front in the presencef two
objective functions.
Wethuswishto determingheParetooptimalsetfrom thesetF of all thedecision
variablevectorsthatsatisfy(2) and(3). Note howeverthatin practicenotall the
Pareto optimal setis normally desirable(e.g., it may not be desirableto have
different solutionsthat map to the samevaluesin objective function space)or
achievable.



3 Particle Swarm Optimization

JameXKennedyandRussellC. Eberhar{30] originally proposedhe PSOalgo-
rithm for optimization. PSOis a population-basedearchalgorithmbasedon the
simulation of the social behaior of birds within a flock. Although originally
adoptedor balancingweightsin neuralnetworks[17], PSOsoonbecamea very
popularglobal optimizer mainly in problemsin which the decisionvariablesare
realnumberg [32, 19].

Accordingto Angeline[3], we canmalke two maindistinctionsbetweenPSO
andanevolutionaryalgorithm:

1. Evolutionaryalgorithmsrely onthreemechanism# their processingpar
entrepresentatiorselectionof individualsandthe fine tuning of their pa-
rametersin contrastPSOonly reliesontwo mechanismssincePSOdoes
not adoptan explicit selectionfunction. The absencef a selectionmech-
anismin PSOis compensatedby the useof leadersto guide the search.
However, thereis no notion of offspring generationn PSOaswith evolu-
tionaryalgorithms.

2. A seconddifferencebetweenevolutionary algorithmsand PSOhasto do
with the way in which the individualsare manipulated PSOusesan oper
atorthatsetsthe velocity of a particleto a particulardirection. This canbe
seenasa directionalmutationoperatorin which the directionis definedby
boththeparticle’s personabestandtheglobalbest(of theswarm). If thedi-
rectionof the personabestis similar to the directionof the globalbest,the
angleof potentialdirectionswill be small,whereasa largeranglewill pro-
vide a largerrangeof exploration. In contrastevolutionaryalgorithmsuse
an mutationoperatorthat cansetan individual in any direction (although
the relative probabilitiesfor eachdirection may be different). In fact, the
limitations exhibited by the directionalmutationof PSOhasled to the use
of mutationoperatorsimilar to thoseadoptedn evolutionaryalgorithms.

Two arethekey aspectdy whichwe believe thatPSOhasbecomesopopular:

1. Themainalgorithmof PSQis relatively simple(sincein its original version,
it only adoptsone operatorfor creatingnew solutions,unlike mostevolu-
tionary algorithms)and its implementationis, therefore,straightforvard.

31t is worth noting thattherehave beenproposaldo usealternatve encodingswith PSO(e.g.,
binary [31] andinteger[26]), but noneof them hasbeenas popularasthe original proposalin
which thealgorithmoperatesisingvectorsof realnumbers.
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2.

Additionally, thereis plenty of sourcecodeof PSOavailablein the public
domain(seefor example:http://www.swarmintelligenc e.org /
codes.php ).

PSOhasbeenfoundto be very effective in a wide variety of applications,
beingableto producevery goodresultsat a very low computationakost
[32, 20].

In orderto establishacommonterminology in thefollowing we provide some
definitionsof severaltechnicaltermscommonlyused:

Swarm: Populationof thealgorithm.

Particle: Member (individual) of the swarm. Eachparticle representa
potentialsolutionto the problembeingsolved. The positionof a particleis
determinedy thesolutionit currentlyrepresents.

pbest (personalbes): Personabestpositionof agivenparticle,sofar. That
is, the positionof the particlethat hasprovided the greatessuccesgmea-
suredin termsof a scalarvalueanalogoudo the fithessadoptedn evolu-
tionaryalgorithms).

Ibest (local bes): Positionof the bestparticlememberof theneighborhood
of agivenparticle.

gbest (global bes): Positionof the bestparticleof the entireswarm.

Leader: Particlethatis usedto guideanotheparticletowardsbetterregions
of thesearchspace.

Velocity (vector): This vectordrivesthe optimizationprocessthatis, it
determineghedirectionin which a particleneedgo “fly” (move),in order
to improve its currentposition.

Inertia weight: Denotedby W, theinertiaweightis employedto control
theimpactof the previous history of velocitieson the currentvelocity of a
givenparticle.

Learning factor: Representtheattractionthata particlehastowardeither
its own succes®r thatof its neighbors.Two arethe learningfactorsused:
C; and(Cs. C is thecognitive learningfactorandrepresentshe attraction
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thata particle hastowardits own success (5 is the social learningfactor
and representghe attractionthat a particle hastoward the successf its
neighborsBoth, C; andCs,, areusuallydefinedasconstants.

e Neighborhoodtopology: Determineghe setof particlesthatcontributeto
thecalculationof thelbestvalueof a givenparticle.

In PSO particlesare“flown” throughhyperdimensionaearclspace Changes
to the position of the particleswithin the searchspaceare basedon the social-
psychologicatendeng of individualsto emulatethe succes®f otherindividuals.

The positionof eachparticleis changedaccordingto its own experienceand
thatof its neighborsLet Z;(¢) denotethe positionof particlep;, attime stept. The
positionof p; is thenchangediy addinga velocity 7;(t) to the currentposition,
i.e.

Ti(t) = &(t — 1) + () (4)

Thevelocityvectorreflectshesociallyexchangednformationand,in general,
is definedin thefollowing way:

ﬁz(t) = WUZ(t — 1) + 017'1 (fpbesti - fﬁ(t))
+CZT2 (fleader - j‘z (t)) (5)

whereandry, r € [0, 1] arerandomvalues.

Particlestendto be influencedby the succes®f anyonethey are connected
to. Theseneighborsarenot necessarilyarticleswhich arecloseto eachotherin
parametefdecisionvariable)spacebut insteadareparticlesthatarecloseto each
otherbasedon a neighborhoodopology that definesthe social structureof the
swarm[32].

Particlescanbeconnectedo eachotherin ary kind of neighborhoodopology
represente@sa graph. In the following, list sometypical neighborhoodyraphs
usedin PSO.

e Empty graph: In thistopology particlesareisolated.Eachpatrticleis con-
nectedonly with itself, andit comparests currentpositiononly to its own
bestpositionfoundsofar (pbesj [19]. In thiscase s = 0 in Equation5.

e Local best: In this topology eachparticleis affectedby the bestperfor
manceof its £ immediateneighbors. Particlesare influencedby the best

7



Figure3: Thering neighborhoodopologythatrepresentshe local bestscheme,
whenk = 2. In thiscommonlocal bestcase eachparticleis affectedonly by its
two immediateadjacenneighbors Eachcircle represents particle.

position within their neighborhoodlbes), aswell astheir own pastex-
perience(pbes) [19]. Whenk = 2, this structureis equivalentto a ring
topologysuchasthe oneshown in Figure 3. In this case leader=lbestin
Equation5.

e Fully connectedgraph: Thistopologyis the oppositeof the emptygraph
The fully connectedopology connectsall membersof the swarmto one
another Eachparticle usesits history of experiencesn termsof its own
bestsolutionso far (pbesj but, in addition, the particle usesthe position
of the bestpatrticle from the entire swarm (gbes}. This structureis also
calledstartopologyin thePSOcommunity[19]. SeeFigure4. In this case,
leader=gbesin Equation5.

e Star network: In thistopology onepatrticleis connectedo all othersand
they are connectedo only that one (calledfocal particle)[19]. SeeFig-
ure 5. Particlesareisolatedfrom oneanotheyasall informationhasto be
communicatedhroughthe focal particle. Thefocal particlecompareger
formancef all particlesin the swarmandadjuststs trajectorytowardsthe
bestof them. That performances eventuallycommunicatedo the restof
theswarm. This structures alsocalledwheeltopologyin the PSOcommu-
nity. In this case)eader=focalin Equation5.

e Treenetwork: In thistopology all particlesarearrangedn atreeandeach
nodeof thetreecontainsexactly oneparticle[28]. SeeFigure6. A patrticle
is influencedby its own bestpositionsofar (pbes) andby the bestposition
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Figure4: Thefully connectedyraphrepresentshefully connectedeighborhood
topology (eachcircle represents particle). All membersof the swarm arecon-
nectedto oneanother

focal particle

O

Figure5: The starnetwork topology(eachcircle representa particle). Tnefocal
particleis connectedo all the otherparticlesandthey areconnectedo only that
one.
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Figure6: Thetreenetwork topology(eachcircle represents particle). All par
ticlesarearrangedn atree. A patrticleis influencedby its own bestpositionso
far (pbes) andby the bestpositionof the particlethatis directly above in thetree.
Here,we shav an exampleof atopologydefinedby a regulartreewith a height
equalto 3, degreeequalto 4 andatotal of 21 particles.

of the particlethatis directly above in the tree (parent). If a particleat a
child nodehasfound a solutionthatis betterthanthe bestso far solution
of the particle at the parentnode, both particlesare exchanged. In this
way, this topology offers a dynamicneighborhood.This structureis also
calledhierarchical topologyin the PSOcommunity In this case leader=
pbes}qqen: IN Equation5.

The neighborhoodopologyis likely to affect the rate fo corvergenceas it
determineshow muchtime it takesto the particlesto find out aboutthe location
of good(better)regionsof the searchspace.For example,sincein the fully con-
nectedtopologyall particlesareconnectedo eachother all particlesreceve the
informationof the bestsolutionfrom the entire swarm at the sametime. Thus,
whenusingsuchtopology the swarmtendsto cornverge morerapidly thanwhen
usinglocal besttopologies,sincein this case,the information of the bestposi-
tion of the swarm takesa longertime to be transferred.However, for the same
reasonthefully connectedopologyis alsomoresusceptiblgo suffer premature
convergence(i.e., to cornvergeto local optima)[20].

Figure 7 shows the way in which the general(single-optimization)PSOal-
gorithm works. First, the swarmis initialized. This initialization includesboth
positionsand velocities. The correspondingbestof eachparticleis initialized
and the leaderis located(usually the gbestsolutionis selectedas the leader).
Then,for amaximumnumberof iterations,eachparticleflies throughthe search
spaceaupdatingits position(using(4) and(5)) andits pbestand,finally, theleader
is updatedoo.
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Begin
Initialize swarm
Locateleader
g=20
While g < gmax
For eachparticle
UpdatePosition(Flight)
Evaluation
Updatepbest
EndFor
Updateleader
g+t
EndWhile
End

Figure7: Pseudocodef the generaPSOalgorithm.

4 Particle Swarm Optimization for Multi-Objecti ve
Problems

In orderto applythe PSOstratayy for solving multi-objective optimizationprob-
lems, it is obvious that the original schemehasto be modified. As we saw in

Section2, the solutionsetof a problemwith multiple objectvesdoesnot consist
of a singlesolution(asin global optimization). Instead,in multi-objective opti-

mization,we aim to find a setof differentsolutions(the so-calledParetooptimal
set).In generalwhensolvinga multi-objective problem, threearethe maingoals
to achieve [73]:

1. Maximizethe numberof elementsf the Paretooptimalsetfound.

2. Minimize the distanceof the Paretofront producedby our algorithmwith
respecto thetrue (global) Paretofront (assumingve know its location).

3. Maximizethe spreadof solutionsfound, sothatwe canhave a distribution
of vectorsassmoothanduniform aspossible.

Giventhe population-basedatureof PSO,it is desirableto produceseveral
(different)nondominatedolutionswith a singlerun. So,aswith arny otherevolu-
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tionaryalgorithm,thethreemainissuego be consideredvhenextendingPSOto
multi-objective optimizationare[13]:

1. How to selectparticles(to beusedasleaders)n orderto give preferenceo
nondominatedolutionsover thosethataredominated?

2. How to retainthe nondominatedolutionsfound during the searchprocess
in orderto reportsolutionsthat are nondominatedvith respectto all the
pastpopulationsand not only with respectto the currentone? Also, it is
desirablehatthesesolutionsarewell spreadalongthe Paretofront.

3. How to maintaindiversityin the swarmin orderto avoid corvergenceto a
singlesolution?

As we could seein the previous section,when solving single-objectie op-
timization problems,the leaderthat eachparticle usesto updateits positionis
completelydeterminecbncea neighborhoodopologyis stablished However, in
the caseof multi-objective optimizationproblems eachparticlemight have a set
of differentleaderdrom which justonecanbeselectedn orderto updateits posi-
tion. Suchsetof leaderds usuallystoredin adifferentplacefrom the swarm,that
we will call external archive #: This is a repositoryin which the nondominated
solutionsfound sofar arestored. The solutionscontainedn the externalarchive
are usedasleaderswhenthe positionsof the particlesof the swarm have to be
updated Furthermorethe contentsof theexternalarchiveis alsousuallyreported
asthefinal outputof thealgorithm.

Figure 8 shawvs the way in which a generalMOPSOalgorithmworks. We
have markedwith italics the processethatmalke this algorithmdifferentfrom the
generaPSOalgorithmfor singleobjective optimization.

First, the swarmis initialized. Then,a setof leadersis alsoinitialized with
the nondominategarticlesfrom the swarm. As we mentionedoefore,the setof
leadersis usually storedin an externalarchve. Later on, somesort of quality
measuras calculatedor all theleadersn orderto select(usually)oneleaderfor
eachparticleof the swarm. At eachgenerationfor eachparticle,a leaderis se-
lectedandtheflight is performed.Most of the existing MOPSOsapply somesort
of mutationoperato? after performingthe flight. Then,the particleis evaluated

4This external archive is also used by mary Multi-Objective Evolutionary Algorihtms
(MOEAS).

SThe mutationoperatorsadoptedn the PSOliteraturehave alsobeencalledturbulenceopera-
tors.
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Begin
Initialize swarm
Initialize leadessin an externalarchive
Quality(leaders)
g=10
While g < gmax
For eachparticle
Selecteader
UpdatePosition(Flight)
Mutation
Evaluation
Updatepbest
EndFor
Updateleades in theexternalarchive
Quality(leaders)
g++
EndWhile
Reportresultsin the externalarchive
End

Figure8: Pseudocodef ageneraMOPSOalgorithm.
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andits correspondingbest is updated.A new particlereplacests pbest particle
usuallywhenthis particleis dominatedor if bothareincomparabléi.e., they are
both nondominatedvith respecto eachother). After all the particleshave been
updatedthe setof leaderds updatedtoo. Finally, the quality measureof the set
of leadersis re-calculated.This processs repeatedor a certain(usuallyfixed)
numberof iterations.

As we cansee,andgiventhe characteristicef the PSOalgorithm,theissues
thatarisewhendealingwith multi-objectve problemsarerelatedwith two main
algorithmicdesignaspect$64]:

1. Selectionandupdatingof leaders:

e How to selecta single leaderout of set of nondominatedsolutions
which areall equallygood?Shouldwe selectthis leaderin arandom
way or shouldwe useanadditionalcriterion (to promotediversity, for
example)?

e How to selectthe particlesthat shouldremainin the externalarchve
from oneiterationto another?

2. Creationof new solutions:

e How to promotediversitythroughthetwo mainmechanismso create
new solutions:updatingof positions(Equationst and5) andmutation
(turbulence)operator

Thesessuesarediscussedn moredetailin the next subsections.

4.1 Leadersin Multi-Objecti ve Optimization

Sincethe solution of a multi-objective problemconsistof a setof equallygood
solutionsiit is evidentthatthe conceptof leadertraditionallyadoptedn PSOhas
to bechanged.

A few researchelkave avoidedtheproblemof defininganew concepbf leader
for multi-objective problemsby adoptingaggreating functions(i.e., weighted
sumsof the objectives)or approachethatoptimizeeachobjective separatelyWe
will briefly discusgheseapproaches Sections.

However, it is importantto indicatethatthe majority of thecurrentlyproposed
MOPSOapproachesedefinethe conceptof leader
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Figure9: The nearesheighbordensityestimatorfor an examplewith two objec-
tive functions.Particleswith alargervalueof this estimatorarepreferred.

As we mentionedbefore,the selectionof a leaderis a key componentwhen
designinga MOPSOapproachThe moststraightforvardapproachs to consider
every nondominatedolutionasa new leaderandthen,just oneleaderhasto be
selectedIn thisway, a quality measurghatindicateshow goodis aleaderis very
important. Obviously, suchfeaturecanbe definedin several differentways. As
we will seein Section5, thereexist alreadydifferentproposalgo dealwith this
issue.

One posibleway of defining suchquality measurecanbe relatedto density
measures.Promotingdiversity may be donethroughthis processby meansof
mechanism$asedon somequality measureghat indicatethe closenes®f the
particleswithin the swarm.

Several authorshave proposedeaderselectiontechniqueghat are basedon
densitymeasureslin orderto helpunderstandinghe specificapproacheghatare
goingto be describedateron, we presenheretwo of the mostimportantdensity
measuresisedin the areaof multi-objective optimization:

e Nearestneighbor density estimator [16]. Thenearesheighbordensityes-
timatorgivesusanideaof how crovdedaretheclosesheighborof agiven
particle,in objectve function space.This measureestimateghe perimeter
of the cuboidformedby usingthe nearesneighborsasthe vertices. See
Figure9.
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Figure 10: For eachpatrticle, a nicheis defined. Particleswhosenicheis less
crowdedarepreferred.

e Kernel density estimator [22, 15]: Whena particleis sharingresources
with othersjts fithessis degradedn proportionto thenumberandcloseness
to particlesthat surroundit within a certainperimeter A neighborhoodf
aparticleis definedin termsof a parametecalledo,.,. thatindicatesthe
radiusof the neighborhood. Suchneighborhoodsre called niches See
FigurelO.

4.2 Retaining and SpreadingNondominated Solutions

As we mentionedbefore, it is importantto retain the nondominatedsolutions
found along all the searchprocessso that we canreportat the endthosesolu-
tions thatarenondominatedvith respecto all the previous populations.This is
importantnot only for pragmatiareasonsbut alsofor theoreticalones[54].

The most straightforvard way of retainingsolutionsthat are nondominated
with respectto all the previous populations(or swarms)is to use an external
archive. Suchan archive will allow the entranceof a solutiononly if: (a) it is
nondominatedvith respecto the contentsof the archive or (b) it dominatesary
of the solutionswithin the archive (in this case the dominatedsolutionshave to
bedeletedrom thearchie).

Thisapproacthas,however, thedravbackof increasinghesizeof thearchve
very quickly. Thisis animportantissuebecausehe archive hasto be updatedat
eachgeneration.Thus,this updatemay becomevery expensve, computationally
speakingif thesizeof thearchive growstoomuch.In theworstcaseall members
of the swarm may wish to enterinto the archive, at eachgeneration.Thus, the
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Figurell: To theleft, we canseetheareathatis dominatedoy a certainsolution.
To theright, we graphicallydepictthes-dominanceconcept.n this casethearea
being dominatedhasbeenextendedby a value proportionalto the parametek

(whichis definedby the user).

correspondingipdatingprocessateachgenerationhasa complexity of O(kN?),
whereN is thesizeof theswarmandk is thenumberof objectives.In thisway, the
compleity of the updatingprocesdor the completerunis of O(kM N?), where
M is thetotal numberof iterations.

Thus,mainly dueto practicalreasonsarchvestendto bebounded13], which
makesnecessaryhe useof anadditionalcriterionto decidewhich nondominated
solutionsto retain,oncethe archive is full. In evolutionary multi-objective opti-
mization,researcherBave adoptedlifferenttechniqueso prunethearchve (e.g.,
clustering[74] andgeographical-basesthemeshat placethe nondominatedo-
lutionsin cellsin orderto favor lesscrowdedcells whendeletingin-excessnon-
dominatedsolutions[34]). However, the useof an archie introducesadditional
issues:for example,do we imposeadditionalcriteriato enterthe archive instead
of justusingnondominancée.g.,usethedistribution of solutionsasanadditional
criterion)?

Note that, strictly speaking,three archives shouldbe usedwhen extending
PSOfor multi-objective optimization: onefor storingthe global bestsolutions,
onefor the personabestvaluesandathird onefor storingthelocal best(if appli-
cable).However, in practice few authorsreportthe useof morethanonearchive
in theirMOPSOs.

Besidesthe useof an externalfile, it is alsopossibleto usea plus selection
in which parentscompetewith their childrenandthosewhich arenondominated
(and possiblycomply with someadditionalcriterion suchas providing a better
distribution of solutions)areselectedor the following generationln the caseof
PSO,aplusselectionnvolvesselectingrom amege of two consecutre swarms.
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Figure12: An exampleof theuseof e-dominancen anexternalarchive. Solution
1 dominatessolution 2, thereforesolution1 is preferred. Solutions3 and4 are
incomparable However, solution3 is preferredover solution4, sincesolution4
is the closerto the lower lefthandcornerrepresentetly point (2=,2<). Solution5
dominatessolution6, thereforesolution5 is preferred.Solution7 is notaccepted
sinceits box, representely point (2¢,3¢) is dominatedoy thebox representedy
point (2z,2¢).
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More recently otherresearcherbave proposedhe useof relaxed forms of
dominance.The mainoneadoptedn PSOhasbeens-dominancg36], whichis
illustratedin Figure1l. The mainuseof this conceptin multi-objectve PSOhas
beento filter solutionsin the externalarchve. By usinge-dominancewe definea
setof boxesof sizes andonly onenondominatedolutionis retainedor eachbox
(e.g.,theoneclosesto thelowerlefthandcorner).Thisis illustratedin Figurel2,
for abi-objectivecase.Theuseof e-dominanceasproposedn [36] andillustrated
in Figurel2, guaranteethattheretainedsolutionsarenondominatedvith respect
to all solutionsgeneratediuringtherun. It is worth noting, however, that, when
usinge-dominancethe sizeof the final externalarchive dependn the e-value,
whichis normallya userdefinedparametef36]. MostaghimandTeich[43] have
found that when comparings-dominanceagainstexisting clusteringtechniques
for fixing thearchie size thes-dominancenethodcanfind solutionsmuchfaster
(computationallyspeakingthanthe clusteringtechniquewith a comparablgand
evenbetterin somecasesyornvergenceanddiversity.

4.3 Promoting Diversity while Creating New Solutions

It is well-known thatone of the mostimportantfeaturesof the PSOalgorithmis
its fastconvergence.This is apositive featureaslong aswe don't have premature
convergence(i.e., corvergenceto alocal optimum).

Prematureconvergenceis causedby the rapid loss of diversity within the
swarm. So, the appropriatepromotionof diversity in PSOis a very important
issuein orderto controlits (normallyfast)cornvergence.

Aswementionedn Sectiord.1,whenadoptingP SOfor solvingmulti-objective
optimizationproblemsit is possibleto promotediversitythroughthe selectionof
leaders.However, this canbe alsodonethroughthe two main mechanismsised
for creatingnew solutions:

1. Updating of positions. As we mentionedn Section3, the useof different
neighborhoodopologiesdetermineshow fastis the procesof transfering
theinformationthroughthe swarm (sincea neighborhoodleterminesvho
the leaderparticleis in Equation5). Sincein a fully connectedopology
all particlesare connectedwith eachother the informationis transferred
fasterthanin the caseof alocal bestor atreetopology sincein thesecases
particleshave smallerneighborhoodsUnderthe sameargument,a speci-
fied neighborhoodopologyalsodeterminesiow fastis diversitylostwithin
the swarm. Sincein afully connectedopology the tranferof information
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is fast, when using this topology diversity within the swarmis also lost
rapidly. In this way, topologiesthatdefineneighborhoodsmallerthanthe
entireswarmfor eachparticlecanalsopresere diversitywithin the swarm
alongertime.

On the otherhand,diversity canalsobe promotedby meansof the inertia
weight(1W in Equation5). As it wasdefinedin Section3, theinertiaweight
is employedto controltheimpactof theprevioushistoryof velocitiesonthe

currentvelocity. Thus,the inertiaweightinfluencesthe trade-of between
global (wide-ranging)andlocal (nearby)explorationabilities[58]. A large

inertia weight facilitatesglobal exploration (searchinghewv areas)while a

smallerinertia weight tendsto facilitate local explorationto fine-tunethe

currentsearcharea.Thevalueof theinertiaweightmayvary duringtheop-

timization process.Shi[59] assertedhatby linearly decreasinghe inertia
weightfrom arelatively largevalueto a smallonethroughthe courseof the

PSOrun, the PSOtendsto have moreglobalsearchability atthe beginning

of therunandhave morelocal searchability nearthe endof therun. Onthe

otherhand,Zhengetal. [72] arguethateitherglobal or local searchability

associatesvith a smallinertiaandthata large inertia weight providesthe

algorithmmore chancego be stabilized. In this way, inspiredon the pro-

cessof the simulatedannealingalgorithm, the authorsproposedo usean

increasingnertiaweightthroughthe PSOrun.

Theadditionof velocity to the currentpositionto generatehe next position
is similar to the mutationoperatorin evolutionary algorithms,exceptthat
“mutation” in PSOis guidedby the experienceof a particleandthat of its
neighbors.In otherwords, PSOperforms“mutation” with a “conscience”
[58].

. Throughthe useof a mutation (or turb ulence)operator.

As mentionedn the previous section,whena particle updatests position,
a mutationwith “conscience”occurs. Sometimeshowever, someuncon-
ciousnes®r “craziness” ascalledby KennedyandEberharin the original
proposalof PSO[30], is needed. Crazinessalso referredas turbulence,
reflectsthechangean a particles flight whichis out of its control[21].

In generalwhena swarm stagnateshatis, whenthe velocitiesof the par
ticles arealmostzero, it becomesunableto generatenew solutionswhich
mightleadthe swarmout of this state.This behaior canleadto thewhole
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swarm beingtrappedin a local optimumfrom which it becomesmpossi-
ble to escape.Sincethe global bestindividual attractsall membersof the
swarm,it is possibleto leadthe swarmaway from a currentlocationby mu-
tatinga singleparticleif the mutatedparticlebecomeshe new globalbest.
This mechanisnpotentiallyprovidesa meandothof escapindocal optima
andof speedingip thesearch62].

In this way, the useof a mutationoperatoris very importantin orderto es-
capefrom local optimaandto improve the exploratorycapabilitiesof PSO.
Whena solutionis chosento be mutatedeachcomponenis thenmutated
(randomlychanged)r notwith certainprobability. Actually, differentmu-
tation operatorshave beenproposedhat mutatecomponent®f eitherthe
positionor thevelocity of a particle.

In our experiencethe choiceof a goodmutationoperatoris a difficult task
thathasa significantimpacton performance.On the otherhand,oncewe
have selecteda specific mutationoperatoranotherdifficult taskis to de-
cide how much mutationto apply: with how much probability, in which
momentof the processin which specificcomponenbf a particle,etc.

Several proposedapproachebave useddifferentmutationoperatorshow-

ever, therearealsoapproachesvhich do not useary kind of mutationop-

eratorandthatshov goodperformanceSo, the useof mutationis anissue
thatcertainlydeseresa morecarefulstudy

5 A Taxonomyof Approaches

Thetaxonomythatwe proposeo classifythe currentMOPSOsis thefollowing:

e Aggregatingapproaches

e Lexicographicordering

e Sub-Populatiormpproaches
e Pareto-basedpproaches
e Combinedapproaches

e Otherapproaches

We will discussext eachof thesetypesof approachesAlso, Tablel summa-
rize all thedifferentapproacheandindicatestheir mostimportantfeatures.
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5.1 AggregatingApproaches

Underthis category we considerapproachethatcombine(or “aggregate”)all the
objectivesof the probleminto a singleone. In otherwords, the multi-objectve
problemis transformednto a single-objectve one. This is not a new idea,since
aggr@atingfunctionscanbe derived from the well-known Kuhn-Tucker condi-
tionsfor nondominatedolutions[35].

e Parsopoulosand Vrahatis[50]: This algorithm adoptsthreetypesof ag-
gregating functions: (1) a corventionallinear aggreating function (were
weightsarefixedduringtherun), (2) adynamicaggreatingfunction(were
weightsaregraduallymodifiedduringtherun)and(3) thebangbangweighted
aggregationapproachiwereweightsareabruptlymodifiedduringthe run)®
[29]. In all casesthe authorsadoptthefully connectedopology

e Baumgartneetal. [6]: Thisapproachpasedonthe fully connectedopol-
ogy, useslinear aggre@ating functions. In this case the swarmis equally
partitionedinto n subsvarms,eachof which usesa differentsetof weights
andevolvesinto thedirectionof its own swarmleader Theapproachadopts
agradienttechniqueo identify the Paretooptimal solutions.

5.2 Lexicographic Ordering

In this method,the useris asked to rank the objectvesin orderof importance.
Theoptimumsolutionis thenobtainedby minimizing the objective functionssep-
arately startingwith the mostimportantoneandproceedingaccordingto the as-
signedorderof importanceof the objectives[40]. Lexicographicorderingtends
to beusefulonly whenfew objectve functionsareused(two or three),andit may
be sensitie to the orderingof the objectves[10].

e HuandEberhar{24]: In thisalgorithm,only oneobjectiveis optimizedata
time usinga schemesimilar to lexicographicordering[13]. This approach
adoptsthe ring (local bes) topology No external archve is adoptedin
this case.However, in a further versionof this approacH25], the authors
incorporatean externalarchve (called“extendedmemory”) andintroduce
somefurtherimprovementgo their dynamicneighborhood®SOapproach.

5This approachasthe peculiarityof beingableto generatenoncorvex portionsof the Pareto
front, whichis somethinghattraditionallinearaggreyatingfunctionscannotdo [14].
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5.3 Sub-Population Approaches

Theseapproachegvolve the useof several subpopulationss single-objectre
optimizers. Then,the subpopulationsomeha exchangenformationor recom-
bineamongthemselesaimingto producerade-ofs amonghedifferentsolutions
previously generatedor the objectvesthatwereseparatelyptimized.

e Parsopoulost al. [49] studieda parallelversionof the Vector Evaluated
Particle Swarm (VEPSO)methodfor multi-objective problems.VEPSOis
a multi-swarm variantof PSO,which is inspiredon the Vector Evaluated
GeneticAlgorithm (VEGA) [56, 57]. In VEPSO,eachswarmis evaluated
usingonly one of the objective functionsof the problemunderconsidera-
tion, andtheinformationit possessefr this objective functionis commu-
nicatedto the other swarmsthroughthe exchangeof their bestexperience
(gbestparticle). The authorsarguethatthis processanleadto Paretoopti-
mal solutions.

e Chow andTsui [8]: In this paper the authorsusePSOasan autonomous
agentresponsdearningalgorithm. For that sale, the authorsproposeto
decomposeéhe award function of the autonomousagentinto a setof lo-
cal awardfunctionsand,in this way, to modelthe responsextractionpro-
cessas a multi-objective optimization problem. A modified PSO called
“Multi-SpeciesPSO”is introducedby consideringeachobjectve function
asaspeciesswarm. A communicatiorchannelis establishedetweenthe
neighboringswarmsfor transmittingthe information of the bestpatrticles,
in orderto provide guidanceor improving their objectve values.Also, the
authorsusethe flight formula of the fully connectedopology but include
aneighborswarmreferencevelocity. Suchvelocity is directly relatedwith
thebestparticlewithin eachsubsvarm(similarto Ibes).

5.4 Pareto-BasedApproaches

Theseapproachesise leaderselectiontechniqueshasedon Paretodominance.
Thebasicideaof all theapproachesonsideredereis to selectasleadergo the

particlesthat are nondominatedvith respectto the swarm. Note however, that

several variationsof the leaderselectionschemeare possiblesincemostauthors
adoptadditionalinformationto selectleaders(e.qg., information provided by a

densityestimator)n orderto avoid arandomselectiorof aleaderfrom thecurrent
setof nondominatedolutions.
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e MooreandChapmarj41]: Thisalgorithmwaspresentedn anunpublished
documentndit is basedon Paretodominance The authorsemphasiz¢he
importanceof performingbothanindividualandagroupsearch(acognitive
componentand a social component). In this approach the personalbest
(pbes} of a particleis a list of all the nondominatedolutionsit hasfound
in its trajectory Whenselectinga pbest a particlefrom thelist is randomly
chosen.Sincethering topologyis used whenselectingthe bestparticle of
the neighborhoodthe solutionscontainedn the pbestlists arecompared,
anda nondominatedolutionwith respectto the neighborhoods chosen.
The authorsdon't indicatehow they choosethe Ibest particle when more
thatonenondominatedolutionis foundin theneigborhood.

e RayandLiew [53]: This algorithm(basedon a fully connectedopology)
usesParetodominanceand combinesconceptsof evolutionarytechniques
with the particleswarm. The approachusesa nearesheighbordensityes-
timator to promotediversity (by meansof a roulette selectionschemeof
leaderdasedn this value)andamultilevel sieve to handleconstraintgfor
this, the authorsadoptthe constraintand objectve matricesproposedin
someof their previousresearch52]). The setof leaderamaintainecby the
authorscanbe considerednexternalarchie.

e Fieldsendand Singh[21]: This approachusesan unconstrainecklite ex-
ternalarchve (in which a specialdatastructurecalled“dominatedtree” is
adopted}o storethe nondominatednhdividualsfoundalongthe searchpro-
cess. The archve interactswith the primary populationin orderto define
leaders.The selectionof the gbestfor a particlein the swarmis basedon
the structuredefinedby the dominatedree. First, a compositepoint of the
treeis locatedbasedon dominancerelations,andthenthe closestmember
(in objectve functionspace)of the compositepointis choserasthe leader
On the otherhand,a setof personalbestparticlesfound (hondominated)
is alsomaintainedor eachswarm membeyandthe selectionis performed
uniformly. This approachalsousesa “turbulence”operatorthatis basically
a mutationoperatorthat actson the velocity value usedby the PSOalgo-
rithm.

e Coelloetal. [11, 12]: This proposalis basedon the idea of having an
externalarchive in which every particlewill depositits flight experiences
after eachflight cycle. The updatedo the externalarchive are performed
consideringageographically-basesl/stendefinedin termsof theobjective
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function valuesof eachparticle. The searchspaceexploredis divided on
hypercubesEachhypercubeaecevesa fitnessvalue basedon the number
of particlesit contains. Thus,in orderto selecta leaderfor eachparticle
of the swarm, a roulette-wheekelectionusing thesefitnessvaluesis first
appliedto selectthehypercubdrom whichtheleademwill betaken. Oncea
hypercubehasbeenselectedtheleaderis randomlychosen.This approach
alsousesa mutationoperatorthat actsboth on the particlesof the swarm,
andon therangeof eachdesignvariableof the problemto be solved.

In morerecentwork, Toscanoand Coello [66] usethe conceptof Pareto
dominanceo determingheflight directionof a particle. The authorsadopt
clusteringiechniqueso dividethepopulationof particlesinto severalswarms.
This aimsto provide a betterdistribution of solutionsin decisionvariable
space Eachsub-svarmhasits own setof leadergnondominategbarticles).
In eachsub-svarm,aPSOalgorithmis executedleadersaarerandomlycho-
sen)and,atsomepoint, thedifferentsub-svarmsexchangenformation:the
leadersof eachswarmaremigratedto a differentswarmin orderto variate
theselectionpressureAlso, this approachdoesnot usean externalarchive
sinceelitismin this casels anemepgentprocessderivedfrom the migration
of leaders.

Srinivasanand Hou [61]: This approach called Particle Swarm Inspired
Evolutionary Algorithm (PS-EA), is a hybrid betweenPSO and an evo-
lutionary algorithm. The main aim is to useEA operatorgmutation,for
example)to emulatethe workings of PSO mechanismspasedon a fully
connectedopology Sincethe authorsmentionthatthe final swarmconsti-
tutesthe final solution (Paretofront), we concludethat a plus selectionis
performedat eachiterationof the algorithm. Also, the authorsusea niche
countand a Paretoranking approachin orderto assigna fithessvalue to
the particlesof the swarm. However, the selectiontechniqueusedis not
describedn the paper

Mostaghimand Teich [44]: They proposea sigmamethodin which the
leaderfor eachparticleis selectedn orderto improve the corvergenceand
diversityof aMOPSOapproachTheideaof thesigmamethodis similarto
compromisgrogramming13]. In orderto selecta leaderfor eachparticle
of the swarm, a sigmavalueis assignedo eachparticle of the swarmand
of the externalarchive. Eachparticleof the swarm selectsasits leaderthe
particleof the externalarchive with the closestsigmavalue. The useof the
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sigmavaluesmalkesthe selectionpressureof PSOeven higher which may
causegorematureconvergencein somecases.Theauthorsalsousea “turbu-
lence”operatoywhichis appliedon decisionvariablespace.This approach
hasbeensuccessfullyappliedto the molecularforce field parametrization
problem[42].

In furtherwork, MostaghimandTeich[43] studiedtheinfluenceof e-dominance
[36] on MOPSO methods. e-dominancels comparedwith existing clus-
tering techniquedor fixing the externalarchve size andthe solutionsare
comparedn termsof computationatime, corvergenceanddiversity The
resultsshowv that the e-dominancemethodcan find solutionsmuch faster
thanthe clusteringtechniquewith a comparablgand even betterin some
casesyxornvergenceanddiversity The authorssuggest new densitymea-
sure(sigmamethod)inspiredon their previouswork [44]. Also, basedon
theideathattheinitial externalarchive from whichthe particleshaveto se-
lectaleaderhasinfluenceon thediversity of solutions theauthorspropose
theuseof successie improvementsadoptinga previous externalarchive of
solutions.In thisway, in morerecentwork, MostaghimandTeich [45] pro-
poseanewn methodcalledcoveringMOPSO(cvMOPSO)whichretalesthis
idea. This methodworksin two phasesin phasel, a MOPSOalgorithmis
run with an externalarchive with restrictedsizeandthe goalis to obtaina
goodapproximatiorof the Pareto-front.In the phase2, the non-dominated
solutionsobtainedfrom the phasel are consideredas the input external
archve of thecvMOPSO .The particlesin the swarm of the cvMOPSOare
dividedinto subsvarmsaroundeachnon-dominatedolutionafterthe first
generation. The task of the subsvarmsis to cover the gapsbetweenthe
non-dominatedolutionsobtainedfrom the phasel. No restrictionson the
archve sizeareimposedn the phase2.

Bartzetal. [5]: This approachstartsfrom the ideaof introducingelitism
(throughthe useof anexternalarchive) into PSO .Differentmethoddor se-
lectinganddeletingparticles(leadersfrom thearchve areanalyzedo gen-
eratea satisctoryapproximatiorof the Paretofront. Thedeletionmethods
analyzedare basedon the contribution of eachparticleto the diversity of
the Paretofront. Selectingmethodsare eitherinverselyrelatedto the fit-
nessvalue or basedon the previous succes®f eachparticle. The authors
provide somestatisticalanalysisn orderto assessheimpactof eachof the
parametersisedby their approach.
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e Li [37]: Thisapproachs basedon afully connectedopologyandincorpo-
ratesthe main mechanism®f the NSGA-II [16] to the PSOalgorithm. In
this approachpncea particle hasupdatedits position,insteadof compar
ing the new positiononly againstthe pbestpositionof the particle,all the
pbestpositionsof the swarmandall the new positionsrecentlyobtainedare
combinedn justoneset(givenatotal of 2/V solutionswhereN is thesize
of theswarm). Then,theapproactselectghe bestsolutionsamongthemto
conformthe next swarm (by meansof anondominatedorting). Theauthor
doesnt specifywhich valuesareassignedo thevelocity of pbestpositions,
in orderto consideithemaspatrticles.This approactalsoselectgheleaders
randomlyfrom theleadersset(storedin anexternalarchive) amongthebest
of them, basedon two differentmechanismsa niche countanda nearest
neighbordensityestimator This approachtusesa mutationoperatorthatis
appliedat eachiterationsteponly to the particlewith the smallestdensity
estimatowvalue (or thelargestnichecount).

e ReyesandCoello[60]: Thisapproachs basednParetodominanceandthe
useof a nearesneighbordensityestimatorfor the selectionof leadergby
meansof a binary tournament).This proposalusestwo externalarchives:
onefor storingthe leaderscurrentlyusedfor performingthe flight andan-
otherfor storingthefinal solutions.The densityestimatorfactoris usedto
filter out thelist of leaderswheneer the maximumlimit imposedon such
list is exceeded Only theleaderswith the bestdensityestimatorvaluesare
retained. On the otherhand,the conceptof e-dominancds usedto select
the particlesthatwill remainin the archie of final solutions.Additionally,
the authorsproposea schemen which they subdvide the population(or
swarm)into threedifferentsubsetsA differentmutationoperatoris applied
to eachsubset. Note however, that for all otherpurposesa single swarm
is considerede.qg.,for selectingeaders).This approachis basedon a fully
connectedopology

e Alvarez-Beniteztal. [2]: Theauthorsproposemethodshasedexclusively
on Paretodominancdor selectingeaderdrom anunconstrainecilondomi-
nated(external)archive. Threedifferentselectiontechniquesrepresented:
Onetechniquehatexplicitly promotediversity (calledRoundsby the au-
thors),onetechniquehatexplicitly promotesorvergence(calledRandon)
andfinally onetechniquethat is a weightedprobabilisticmethod(called
Prob) and forms a compromisebetweenRandomand Rounds Also, the
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authorgproposeandevaluatefour mechanism$or confiningparticlesto the

feasibleregion, thatis, constraint-handlingnethods The authorsshow that
probabilisticselectionfavoring archval particlesthat dominatefew parti-

cles provides good corvergencetowards the Pareto front while properly
covering it at the sametime. Also, they concludethat allowing particles
to exploreregionscloseto the constraintboundariess importantto ensure
convergenceto the Paretofront. This approachusesaturbulencefactorthat
is addedto the positionof the particleswith certainprobability.

Ho etal. [23]: The authorsproposea novel formulafor updatingveloc-
ity andpositionparticles,basedon threemain modificationsto the known
flight formulafor the fully connectedopology First, sincethe authorsar-
gue that the randomfactorsr; andr, in Equation5 are not completely
independentthey proposeto use:r, = 1 — ;. Secondthey proposeto
incorporatetheterm (1 — W) in the secondandthird termsof Equation5,
whereW = rnd(0,1). Third (andlast), underthe alumentof allowing a
particleto fly sometimedack,the authorgproposeto allow thefirst termof
Equation5 beingnegative with a 50% probability. On the otherhand,the
authordntroducea“craziness’operatoiin orderto promotediversitywithin
the swarm. This “craziness”operatoris applied(with certainprobability)
to thevelocity vectorbeforeupdatingthe positionof a particle. Finally, the
authorsintroduceoneexternalarchive for eachparticleandoneglobal ex-
ternalarchve for thewhole swarm. The archve of eachparticlestoresthe
latest Paretosolutionsfound by the particle and the global archive stores
the currentParetooptimal set. Every time a particleupdatests position, it
selectdts personabestfrom its own archve andthe global bestfrom the
globalarchive. In bothcasestheauthorausearouletteselectiormechanism
basedon the fithessvaluesof the particles(assignedisingthe mechanism
originally proposeduy Zitzler et al. [74], for the SPEAalgorithm)andon
an “age” variablethat the authorsintroduceandthat is increasedat each
generation.

Villalobos-Ariasetal. [68]: Theauthorsproposea nev mechanisnto pro-
motediversityin multi-objective optimizationproblems.Althoughthe ap-
proachis independenotf the searchengineadoptedthey incorporatet into
the MOPSOproposedn [12]. The new approachis basedon the use of
stripesthat areappliedon the objective function space.Basedon ananal-
ysis for a bi-objective problem,the main ideaof the approachs that the
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Paretofront of the problemis “similar” to the line determinedoy the min-
imal pointsof the objective functions. In this way, several points(thatthe
authorscall stripecentersiaredistributeduniformly alongsuchline, andthe
particlesof the swarmareassignedo the nearesstripecenter Whenusing
this approactfor solving multi-objectve problemswith PSO,oneleaderis
usedin eachstripe. Suchleaderis selectedminimizing a weightedsumof
the minimal pointsof the objectve functions. The authorsshaw thattheir
approachovercomeghe drawvbackson other popularmechanismsuchas
e-dominancg36] andthe sigmamethodproposedn [44].

e SalazaflechugaandRowe [55]: The mainideaof this approachs to use
PSOto guidethe searchwith the help of niche counts(appliedon objec-
tive functionspace)22] to spreadhe particlesalongthe Paretofront. The
approactusesan externalarchve to storethe bestparticles(nondominated
particles)foundby thealgorithm. Sincethis externalarchive helpsto guide
the search,the niche countis calculatedfor eachof the particlesin the
archive andthe leadersare chosenfrom this setby meansof an stochas-
tic samplingmethod(roulettewheel). Also, the niche countis usedasa
criterionto updatethe externalarchive. Eachtime the archve is full and
a new particlewantsto getin, its niche countis comparedwith the niche
countof theworstsolutionof thearchie. If thenew particleis betterthan
theworstparticle,thenthenew particleentersanto thearchve andtheworst
particleis deleted. Niche countsare updatedwheninsertingor deletinga
particlefrom thearchve.

e RaquelandNaval [51]: As in [60], this approachincorporateshe concept
of nearesheighbordensityestimatorfor selectingthe global bestparticle
andalsofor deletingparticlesfrom the externalarchive of nondominated
solutions. Whenselectinga leadey the archve of nondominatedolutions
is sortedin descendingorderwith respectto the densityestimator and a
particleis randomlychoserfrom thetop partof thelist. Ontheotherhand,
whenthe externalarchieis full, it is againsortedin descendingrderwith
respecto thedensityestimatowvalueanda particleis randomlychoserto be
deleted,from the bottompart of thelist. This approachusesthe mutation
operatorproposedn [12] in sucha way thatit is appliedonly during a
certainnumberof generationst the beginning of the process.Finally, the
authorsadoptthe constraint-handlingechniquefrom the NSGA-I11 [16].

e ZhaoandCao[71]: Thisapproachs very similarto the proposalof Coello
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and Lechuga[1l]. However, the authorsindicatethat they maintaintwo
externalarchves,but oneof themis actuallyalist thatkeepsthe pbestpar
ticle for eachmemberof the swarm. Theanotherexternalarchve storeshe
nondominatedolutionsfound alongthe evolutionary process. This trun-
catedarchve is similar to the adaptve grid of PAES [34]. The authorsap-
ply their approacho solve the economidoad dispatchproblem. With this
aim, they employ afuzzy-basednechanisnto extractthe bestcompromise
solution,in which they incorporatethe preference®f the decisionmaler.
Theapproachadoptsalinearmembershigunctionto representhe goalsof
eachobjectivefunction. Thismembershigunctionis adoptedo modify the
rankingof the nondominatedolutionsasto focusthe searchon the single
solutionthatattainsthe maximummembershipn thefuzzy set.

JansorandMerkle [27] proposeda hybrid particle swarm optimizational-
gorithm for multi-objective optimization, called ClustMPSO.ClustMPSO
combinesthe PSOalgorithmwith clusteringtechniquedo divide all par
ticlesinto several subsvarms. For this aim, the authorsusethe K-means
algorithm. Eachsubsvarm hasits own nondominatedront andthe total
nondominatedront is obtainedfrom the union of the fronts of all the sub-
swarms. Eachparticlerandomlyselectsts neighborhoodest(lbest) par
ticle from the nondominatedront of the swarmto which it belongs.Also,
a particle only selectsa new lbest particle whenthe currentis no longer
a nondominatedsolution. On the otherhand,the personabest(pbest) of
eachparticleis updatedcbasedon dominanceaelations.Finally, the authors
definethata subsvarmis dominatedwvhennoneof its particlesbelongsto
the total nondominatedront. In this way, whena subwarmis dominated
for acertainnumberof consecutie generationsthe subsvarmis relocated.
The proposedalgorithmis testedon an artificial multi-objective optimiza-
tion function and on a real-world problemfrom biochemistry called the
moleculardocking problem. The authorsreformulatethe moleculardock-
ing problemasa multi-objective optimizationproblemand,in this casethe
updatingof the pbest particleis alsobasedon the weightedsumof the ob-
jectivesof theproblem.ClustMPSQoutperformsawell-known Lamarckian
GeneticAlgorithm thathadbeenpreviously adoptedo solve suchproblem.
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5.5 Combined Approaches

e Mahfoufetal. [39]: Theauthorsproposean Adaptive WeightedPSO(AW-
PSO)algorithm,in which the velocity is modifiedby includinganacceler
ationtermthatincreasessthe numberof iterationsincreasesThis aimsto
enhanceheglobalsearchability attheendof run andto helpthealgorithm
to jump out of local optima. Also, a weightedaggreatingfunctionis in-
troducedwithin the algorithmfor performancesvaluationandto guidethe
selectiorof thepersonabndglobalbests.Theauthorausedynamicweights
to generatdParetooptimal solutions. Whenthe populationis losing diver-
sity, a mutationoperatoris appliedto the positionsof certainparticlesand
the bestof themareretained.Finally, the authorsincludea nondominated
sortingalgorithmto selectthe particlesfrom oneiterationto thenext. Since
plus selectionis adoptedan externalarchive is not necessaryn this case.
This approachs appliedin the optimaldesignof heat-treatedlloy steels.

e Xiao-huaetal. [69]: The authorsproposean Intelligent Particle Swarm
Optimization(IPSO) algorithm for multi-objective problemsbasedon an
Agent-Ervironment-Rule$AER) modelto provide anappropriateselection
pressureo propeltheswarmpopulationtowardsthe Paretooptimalfront. In
this model,the authorsmodify thefully connectedlight formulaincluding
the Ibestpositionof the neighborhoodf eachparticle. The neighborhood
of a particleis determinedby a lattice-like topology On the other hand,
eachparticleis takenasanagentparticlewith the ability of memory com-
munication,responsecooperatiorand self-learning. Eachparticle hasits
position,velocityandenegy, whichis relatedto its fithness.All particledive
in alatticelike ervironment,which is calledan agentlattice,andeachpar
ticle is fixedon alattice-point.In orderto survive in the systemthey com-
peteor cooperatavith their neighborssothatthey cangainmoreresources
(increaseenepies). Eachparticle hasthe ability of cloningitself, andthe
numberof clonesproduceddependsf the enegy of the particle. General
agentparticlesandlateny agentparticles(thosewho have smallerenegy
but containcertainfeatures—e.gfavoring diversity—thatmake themgood
candidatedo be cloned)will be cloned. The aim of the clonal operator
(whichis modeledn theclonalselectiontheoryalsoadoptedwith artificial
immunesystemg46]) is to increaseéhecompetitionamongparticlesmain-
tain diversity of the swarm andimproving the corvergenceof the process.
Also, a clonal mutationoperatoris used. Leadersare selectedbasedon
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the enegy valuesof the particles.Finally, this approachadoptsan external
archie in orderto storethe nondominatedolutionsfound throughoutthe
run andto provide thefinal solutionset.

5.6 Other Approaches

Here, we considerthe approacheshat could not fit any of the main cateyories
previously described.

e Li [38]: This authorproposeshe maximinPSQwhich usesa fithessfunc-
tion derivedfrom themaximinstrateyy proposedy Balling [4] to determine
Pareto-dominationTheauthorshaovsthatoneadvantageof thisapproachs
thatno additionalclusteringor nichingtechniques neededsincethe max-
imin fitnessof a solutioncantell usnot only if a solutionis dominatedor
not, but alsoif it is clusteredwith othersolutions,i.e., the approachalso
providesdiversityinformation. In this approachfor eachparticle,a differ-
entleaderis selectedor eachof the decisionvariablesto conforma single
global best. Leaderg(storedin an externalarchive) arerandomlyselected
basedn the maximinfitness.

e Zhangetal. [70]: This approach(basedon a fully connectedopology)
attemptsto improve the selectionof gbest andpbest whenthe velocity of
eachparticleis updated. For eachobjective function, thereexists both a
gbest and a pbest for eachparticle. In orderto updatethe velocity of a
particle,the algorithmdefinesthe gbest of a particleasthe averageof the
completesetof gbest particles. Analogously the pbest is computedusing
eitherarandomchoiceor theaveragerom the completesetof pbest values.
This choicedepend®on the dispersiondegreebetweenthe gbest andpbest
valuesof eachpatrticle.

6 ConvergencePropertiesof PSOand MOPSO

Recently sometheoreticalstudiesaboutthe convergencepropertiesof PSOhave
beenpublished. As in the caseof mary evolutionary algorithms,thesestudies
have concludedhatthe performancef the PSOis sensitve to controlparameter
choiceq20].

32



neighborhood leadersselection external dynamic mutation
topology basedn archive w operator
Aggregatingapproaches
ParsopolousaindVrahatis[50] fully connected single-objectie no yes no
(1.0 — 0.4)
Baumgartneetal. [6] fully connected single-objectie no no no
Lexicographic ordering
Hu andEberhar{24] ring single-objectie no yes no
rnd(0.5,1.0)
Hu etal. [25] ring single-objectie yes yes no
rnd(0.5,1.0)
Sub-Population approaches
Parsopoulotal. [49] fully connected single-objectie yes no no
Chow andTsui[8] fully connected single-objectie no no no
Pareto-Basedapproaches
MooreandChapmarj41] ring dominance no no no
RayandLiew [53] fully connected densityestimator yes no no
FieldsendandSingh[21] fully connected dominance& yes no yes
closeness
Coelloetal. [11, 12] fully connected densityof solutions yes no yes
ToscancandCoello[66] fully connected randomly no no no
SrinivasanandHou [61] fully connected nichecount& no no yes
dominance
MostaghimandTeich[44] fully connected sigmavalue yes no yes
MostaghimandTeich[43] fully connected sigmavalue yes no yes
MostaghimandTeich[45] fully connected sigmavalue yes no yes
Bartzetal. [5] fully connected densityof solutions; yes no no
success
Li [37] fully connected nichecount; yes yes yes
densityestimator ( 1.0 — 04.)
ReyesandCoello[60] fully connected densityestimator yes yes yes
rnd(0.1,0.5)
Alvarez-Beniteztal. [2] fully connected dominance yes no yes
Ho etal. [23] fully connected fithness& age yes yes yes
proposed
Villalobos-Ariasetal. [68] fully connected stripes yes no yes
SalazaflechugaandRowe [55] fully connected nichecount yes no no
RaquelandNaval [51] fully connected densityestimator yes no yes
ZhaoandCaol[71] fully connected fuzzy membership yes no no
JansorandMerkle [27] fully connected random yes no no
Combined approaches
Mahfoufetal. [39] fully connected single-objectie no yes yes
rnd(0.15,1.0)
Xiao-huaetal. [69] fully connecteck enegy value yes yes yes
lattice (06 — 02)
Other approaches
Li [38] fully connected maximinfitness yes yes no
(1.0 — 0.4)
Zhangetal. [70] fully connected compositdeader no yes no
(0.8 = 0.4)

Table 1. Completelist of the MOPSO proposalsreviewed. For eachproposal,
we indicatethe correspondingneighborhoodopology adopted Jeaderselection
schemeusedand whetherthe approachincorporatessomedynamicschemefor
theinertiaweight(17), anexternalarchve anda mutationoperator
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Most of the theoreticalstudiesarebasedon simplified PSOmodels,in which
a swarm consistingof one particle of one dimensionis studied. The pbestand
gbestparticlesareassumedo beconstanthroughoutheprocessAlso, theterms
o1 = cir1, ¢2 = coro (Usedin Equation5) areassumedo be constant. Under
theseconditions, particle trajectoriesand corvergenceof the swarm have been
analyzed.

In thetheoreticaktudiesdevelopedaboutPSO,corvergencehasbeendefined
asfollows:

Definition 6. Consideringhe sequencef global bestsolutions{gbest;}:°,,
we saythatthe swarmcorvergesiff

lim ;,ogbest; = p

wherep is anarbitrarypositionin the searchspace.

Sincep refersto anarbitrarysolution,Definition 6 doesnot meanconvergence
to alocal or globaloptimum.

The first studieson the corvergencepropertiesof PSO were developedby
OzcanandMohan[47, 48]. Ozcanand Mohanstudieda PSOunderthe condi-
tionspreviously describedut, in addition,theirmodeldid notconsidettheinertia
weight. They concludedthat,when0 < ¢ < 4, where¢ = ¢, + ¢, thetrajec-
tory of a particleis a sinusoidalwave wherethe initial conditionsandparameter
choicesdetermingheamplitudeandfrequeny of thewave. Also, they concluded
thatthe periodicnatureof thetrajectorymay causea particleto repeatedlysearch
regionsof the searctspacealreadyvisited, unlessanothemparticlein its neighbor
hoodfindsa bettersolution.

In [67], vandenBemgh developeda modelof PSOunderthe sameconditions,
but consideringheinertiaweight. VandenBerg provedthat,whenw > %(cl +
c2) — 1, the particleconvergesto the point

¢1pbest + pagbest
b1+ b2 '

In thisway, if ¢; = ¢y, the particlecorvergesto the point

pbest + gbest
5 )

Sincetheseconclusionsvere obtainedunderthe assumptiorof ¢; and ¢, being
constantsyandenBergh generalizedhis modelconsideringhe stochastimature
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of ¢, andg,. In this case heconcludedassuminguniformdistributions)thatthe
particlethencorvergesto the position:

(1 — a)pbest + agbest

wherea = vl Ll this way, vandenBermgh shavedthata particlecorvergesto

awelghtedaveragebetweents personabestandits neighborhoodestposition.
As we saidbefore,in orderto ensurecorvergence the conditionw > 2(01 +

¢2) — 1 musthold. However, it is possibleto choosevaluesof ¢, ¢, andw such

thatthe conditionis violated,andthe swarmstill corverges[67]: if

¢crit
C1 + Cy

d)ratio =

is closeto 1.0, whereg..;; = sup {¢ | 0.5¢ — 1 < w}, ¢ € (0,¢1 + o), the
swarm hascorvemgentbehaior. This implies that the trajectoryof the particle
will corverge mostof thetime, occasionallytakingdivergentsteps.

The studiesdevelopedby Ozcanand Mohan, and van der Bergh, consider
trajectorieghatarenot constrictedIn [9], ClercandKennedyprovide atheoreti-
calanalysisof particlebehaior in which they introducea constrictioncoeficient
whoseobjectiveis to preventthe velocity from growing out of bounds.

As we could see the corvergenceof PSOhasbeenproved. However, we can
only ensurehe cornvergenceof PSOto the bestpositionvisitedby all the particles
of theswarm. In orderto ensurecorvergenceto thelocal or global optimum,two
conditionsarenecessary:

1. Thegbest,, 1 solutioncanbe noworsethanthe gbest; solution(monotonic
condition).

2. Thealgorithmmustbe ableto generatea solutionin the neighborhoodf
the optimumwith nonzeroprobability, from arny solutionz of the search
space.

In [67], vandenBergh providesa proof to shav thatthe basicPSOis not a
local (neitherglobal) optimizer Thisis dueto the factthat, althoughPSOsatis-
flesthemonotonicconditionindicatedabove, oncethealgorithmreacheshestate
wherex = pbest = gbest for all particlesin theswarm,nofurtherprogreswill be
made.The problemis thatthis statemaybereachedeforegbest reachesa mini-
mum,whetherbe local or global. The basicPSOis thereforesaidto prematurely
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converge. In thisway, the basicPSOalgorithmis notalocal (global) searchalgo-
rithm, sinceit hasno guaranteeaonvergenceto alocal (global) minimum from
anarbitraryinitial state.

Also, van denBemgh suggestdwo ways of extendingPSQOin orderto make
it a globalsearchalgorithm. Thefirst is relatedto the generatiorof new random
solutions.In generaltheintroductionof a mutationoperators useful. Neverthe-
less,forcing PSOto performarandomsearchin anareasurroundingthe global
bestposition,thatis, forcing the globalbestpositionto changdn orderto prevent
stagnation(by meansof a hill-climbing search for example),is alsoa suitable
mechanisnj20]. Ontheotherhand,vandenBermgh alsoproposedo usea “multi-
startPSO”,in which whenthe algorithmhascorverged (undersomecriteria), it
recordsthe bestsolutionfoundandthe particlesarerandomlyreinitialized.

To the bestof our knowledge,until this date,thereare no studiesaboutthe
convergencepropertiesof MOPSOs. From the discussionpreviously provided,
we canconcludethatit is possibleto ensurecorvergence py correctlysettingthe
parametersf the flight formula. But, asin the caseof single-optimizationsuch
propertydoesnot ensurethe convergenceto the true Paretofront, in this case.
In the caseof multi-objective optimization,we may concludethat we still need
conditions(1) and(2), to ensurecorvergence However, in this case condition(1)
may changeo:

1. The solutionscontainedin the external archive at iterationt + 1 should
be nondominatedvith respecto the solutionsgeneratedn all iterationsr,
0 <71 <t+1,sofar(monotoniccondition).

The useof the e-dominancebasedarchving asproposedn [36] ensureghis
condition, but the normal dominance-basesitratgies do not, unlessthey make
surethatfor arny solutiondiscardedrom thearchive onewith equalor dominating
objectivevectoris acceptedin thisway, givenaMOPSOapproachandassuming
it satisfiescondition(1), it remaingo exploreif it satisfiescondition(2), to ensure
globalcorvergenceto thetrue Paretofront.

7 Future Reseach Paths
As we have seendespitethe factthatMOPSOsstartedio be developedlessthan

tenyearsago,the growth of this field hasexceededeventhe mostoptimistic ex-
pectations.By looking at the papersthat we reviewed, the core of the work on

36



MOPSOshasfocusedon algorithmicaspectsbut thereis muchmoreto doin this
area.In this sectionwe will provide someinsightsregardingsometopicsthatwe
believe thatareworth investigatingwithin the next few years:

e Emphasison Efficiency: The currentMOPSOsarenot algorithmspartic-
ularly comple (in termsof their datastructuresmemorymanagemenand
so on), and are quite effective (more than state-of-the-armulti-objectve
evolutionaryalgorithmsin somecases)So,why to make thingsmorecom-
plicatedregardingalgorithmicdesign?s thereroomfor new developments
in this regard? We believe thatthereis, but we have to focusour work in
a new direction. For example,few peoplehave tried to exploit the very
high corvergenceratecommonlyassociatedavith PSOto designan “ultra-
efficient” MOPSO.It would be very useful(for real-world applications}to
have a MOPSOthat could producereasonablygoodapproximationf the
Paretofront of multi-objective optimizationproblemswith 20 or 30decision
variableswith lessthan5000fitnessfunctionevaluations A first attemptto
designsucha type of MOPSOis reportedin [64] but morework in that
directionis certainly expected sincethis topic hasbeenrecentlyexplored
with othertypesof multi-objective evolutionaryalgorithmsaswell [33].

e Self-Adaptation of Parameters in MOPSOs: The designof MOPSOs
with noparameterghathaveto befine-tunedoy theuseris anothetopicthat
is worth studying. In evolutionary multi-objective optimizationin general,
the useof self-adaptatioror on-line adaptatiormechanismss scarce(see
for example[63, 1, 7]), andwe areonly awareof onemulti-objective evo-
lutionaryalgorithmwhich wasdesignedo be parameterlesshe microGA?
[65]. Thedesignof a parameterles8IOPSOrequiresa carefulstudyof the
velocity updateformula adoptedn PSO,andan assessmertf the impact
of eachof its componentsn the performanceof a MOPSO.Eventheiner
tia andlearningfactorswhich arenormally assumeaonstantsn PSOmay
benefitfrom an on-line adaptationmechanismwhen dealingwith multi-
objective optimizationproblems’

e Theoretical Developments: Thereis not muchtheoreticalvork on PSQOin
generalseefor example[9]) and,thereforethelack of researclontheoret-
ical aspect®f MOPSOss, by nomeanssurprising.lt would beinteresting

’Readersnterestedn this topic may be interestedn looking at the work of Maurice Clerc,
availableat: http://clerc.maurice.free.fr/pso/
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to performatheoreticaktudyof therun-timeandcorvergencepropertieof
aMOPSO(seeSection6). Otheraspectsuchasthefitnesslandscapeand
dynamicsof aMOPSOarealsovery attractve theoreticakresearchopics.

e Applications: Evidently, no algorithmwill everbeusefulif we cannotfind
a good applicationfor it. MOPSOshave beenusedin a few applications
(seeSectionb), but not soextensively asothermulti-objective evolutionary
algorithms.Thereasommay be thatMOPSOsareyoungerandlessknown
than, for example, multi-objective geneticalgorithms. However, a well-
designedMOPSOmaybequiteusefulin real-world applicationsmainly if,
aswe mentionedefore,its veryfastcornvemgencerateis properlyexploited.
At somepointin the nearfuture,we believe thattherewill beanimportant
growth in the numberof applicationsthat adoptMOPSOsastheir search
engine.

8 Conclusions

We have reviewedthe state-of-the-antegardingextensionsof PSOto handlemul-
tiple objectves.We have startedoy providing ashortintroductionto PSQOin which
we describedts basicalgorithmandits maintopologies.We have alsoindicated
themainissueghathave to beconsideredvhenextendingP SOto multi-objectve
optimization,andthenwe have analyzedeachof themin moredetail.

We have alsoproposed taxonomyto classifythe currenttechniqueseported
in the specializediterature,andwe have provided a surwey of approachebased
onsuchataxonomy

Finally, we have provided sometopicsthat seem(from the authors’perspec-
tive) as very promising pathsfor future researchn this area. Consideringthe
currentrateof growth of this areawe expectalot of moreactvity within the next
few years.However, the switchto new areadifferentfrom purealgorithmdevel-
opmentmayattractnevcomergo this field andmay contributeto keepit alive for
severalmoreyears.
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